TOWARDS MIRROR SYMMETRY FOR 
VARIETIES OF GENERAL TYPE 



MARK GROSS, LUDMIL KATZARKOV, HELGE RUDDAT 



Contents 

Introduction 

1. The setup: The mirror pair of Landau- Ginzburg models 

2. Homological mirror symmetry and (co-)homology 

3. Hodge numbers of hypersurfaces in projective toric varieties 

4. The mixed Hodge structure on the cohomology of the vanishing cycles 

5. The Hodge numbers of the mirror 

6. Complements 

7. The cubic three-fold 
Appendix A. A binomial identity 
References 



1 

5 
27 

31 
34 

41 
58 
65 
76 
77 



Introduction 

The main goal of this paper is to propose a theory of mirror symmetry for varieties of 
general type. At first glance, the existence of such a theory would perhaps seem unlikely. 
After all, if S, S were a mirror pair with S of general type and dimension d, and if the 
first symptom of mirror symmetry is a reflection of the Hodge diamond, then we must face 
the possibility of having, say, h^'^{S) = h'^'^{S) being larger than 1. So it is clear that the 
mirror S should not be a variety in the ordinary sense. 

In this paper we will propose that the mirror to a variety of general type is a reducible 
variety equipped with a certain perverse sheaf. The cohomology of this perverse sheaf will 
carry a mixed Hodge structure which we expect has the desired features. 

The motivation for these structures arises from the study of Landau-Ginzburg models, 
i.e., pairs {X,w) with X a variety and w : X C a. non-constant regular function. Let 
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US consider a very basic form of mirror symmetry, involving duality between cones. Set 
M = Z", Mm = M (g)^ M, iV = Homz(M, Z), = N ®i M. Consider a strictly convex 
rational polyhedral cone a C Mr with dim a = dimMjg, and let & C be the dual cone, 

a := {n G \ (n, m) > for all m G a}. 

The corresponding toric varieties 

X, ■= SpecC[(Tn A^] 
:= SpecC[anM] 

are usually singular. Choose desingularizations by choosing fans S and S which are refine- 
ments of 0" and a respectively, with S and S consisting only of standard cones, i.e., cones 
generated by part of a basis for M or A^. 

We now obtain smooth toric varieties and Xg, and in addition, we obtain Landau- 
Ginzburg potentials as follows. For each ray p G S, let irtp G M be the primitive generator 
of p, so that z^p is a monomial regular function on Xg. Similarly, for each ray p G £, 
with primitive generator rip & N, z^p is a monomial function on X^. We then define 
Landau- Ginzburg potentials w : Xs — )■ C and w : Xg — )■ C as 

(0.1) w:=^Cpz'^^ 

p 

(0.2) w:=^CpZ'^p 

p 

where Cp, Cp G C are general coefficients. Note w (resp. ty) factors through the resolution 
Xe -> X^ (resp. Xg ^ X^). 

Now in general, it is currently understood that given a Landau- Ginzburg model w : 
X — )■ C, the correct cohomology group to associate to this model is the one obtained from 
the twisted de Rham complex, see [KKPOSj . 3.2. In this context, since in general w is not 
proper, we need to partially compactify first. We choose a partial compactification X C X 
with D := X \ X being normal crossings and such that w extends to a projective map 
w : X —> C We then consider the complex 

{n*j^(\ogD)[u],ud + dwA) 

where m G C is a parameter. The relevant cohomology groups in the Landau- Ginzburg 
theory are the hyper cohomology groups of this complex. By a theorem of Barannikov and 
Kontsevich (unpublished), the hypercohomology is a free C[M]-module. New proofs were 
given by Sabbah |Sab99] and Ogus and Vologodsky |OV07] . As stated in |Sab99j . this 
result takes the following form: 

Theorem 0.1. Let w : X ^ C be projective, D (1 X a normal crossing divisor. Then 
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(1) The hypercohomology groups of the complexes 

{n'j^(\ogD),d + dwA) and {Q'j^ (log D),dw A) 

have the same dimensions. 

(2) Letpi, . . . ,pk E C be the critical values for w and j : X = X\D ^ X the inclusion. 
Then in the analytic topology, 

k 

(0.3) dimff (X, {Q'^{logD),dwA)) = ^ dimff-^(w-i(pj), 0^,p^Rj,Cx). 

i=i 

Here (pw^p^ denotes the vanishing cycle functor at pi, for a precise definition, see §11 Most 
importantly for our current discussion, (puf^p.Tij^Cx is a sheaf supported on the critical 
locus of each singular fibre. 

Now one subtlety in Landau- Ginzburg mirror symmetry is that this cohomology group is 
often too big, because there are some singular fibres of w which we do not wish to consider. 
These singular fibres often "come in from infinity" as the Landau- Ginzburg potential is 
varied, and to get the correct group, we need to ignore these fibres. In particular, we should 
only use certain singular fibres in the sum (10.31) . We make suggestions in §6.31 about how 
to deal with this in general. 

In the general setup of X^, given above, the singular fibres can be quite complicated. 
We are not yet proposing a general method for computing the relevant cohomology groups 
in this setup. On the other hand, we may restrict attention to a special case for which we 
show a mirror duality of Hodge numbers. 

So we now specialize to the following setup. 

Let A C Mir be a lattice polytope which is the Newton (moment) polytope of a non- 
singular projective toric variety Pa. Define the cone Cone(A) C Mr © R by 

Cone(A) := {(rm,r)|m G A,r > 0}. 

We can take a = Cone(A) in the above construction. We now subdivide a by choosing a 
triangulation of A into standard simplices; we assume that we can do this. This then gives 
rise to a fan S consisting of cones over these simplices. Geometrically, Xj^ is a crepant 
resolution of the Gorenstein singularity X^. On the other hand, as we shall check in ^T], 
the cone a can be subdivided to give a fan S via a star subdivision with center the ray 
generated by (0, 1) G X^ © R. Geometrically, this is the contraction of the zero section 

X£ = Tot(Op^(-l))^X^, 

where Tot(V) denotes the relative Spec of SymV* for a vector bundle V. 

Given these choices of X^ and Xg, we obtain as above Landau- Ginzburg potentials 
w and w on these two spaces respectively. As we shall see in §11 the origin G C is 
a critical value for both w and w. Furthermore, u)~^(0) is quite simple, consisting of a 
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normal crossings union of two divisors whose intersection is a hyperplane section S of Pa 
determined by w. One can show that 4'w,o^j*'Cx^ is just the constant sheaf C on S* (shifted 
in degree). Moreover, the derived category of coherent sheaves on 5* is equivalent to the 
category of singularities of w : — ?■ C by a generalized Knorrer periodicity, see §2.1[ In 
particular since is the only critical value of w, 

On the other hand, w~^{0) will, in general, be much more complicated, although with the 
assumptions given, it will still be normal crossings as long as 5* has non-negative Kodaira 
dimension k,{S). Most of the time we will restrict ourselves to this case because the case 
of negative Kodaira dimension behaves somewhat differently and has already been studied 
intensively in the literature. See ^ for a detailed discussion of a non-trivial negative 
Kodaira dimension example. So let us assume k(S') > 0. The singular locus of w~^{0) 
is in fact proper (before compactifying) and the perverse sheaf (puj^Hj^xY; is supported 
entirely on this singular locus. 

Our proposal for addressing to a first approximation the question raised at the beginning 
of the paper is as follows. Let 5* be the singular locus of w~^{0), and let 

(0.4) J-5:=0^,oRj*CxJl]. 

Then we should consider the pair {S,J^§) to be mirror to the pair {S,C), where C denotes 
the constant sheaf on S with coefficients C. 

This should give a version of mirror symmetry for which we verify the symmetry of 
Hodge numbers as follows. Note that 4>wfl^j*'Cxf, supports a mixed Hodge structure given 
by Schmid-Steenbrink. We transport this to using fl0.4p and apply the shift [1] to the 
Hodge and also to the weight filtration, i.e., 

hPm'{S,Ts) = /i*'+i''?+iff+i(u;-i(O),0^,oR.J*Cx). 

It can be observed that the weight filtration refiects the Kodaira dimension of S, see 
Prop. 15. 1[ However, we shall discard the weights and define 

(0.5) hP''^{S,J^s) = Y,^''''^'''^^^'(^^^s)- 

k 

Our main theorem is then: 

Theorem 0.2. Assume that the fan S comes from a star-like decomposition of A (see 
Def [13). Then hP'^iS) = h'^-^''^ {S , J^s) > with d = dimS. 

Note that this result implies that hP''^{S , J^g) is independent of the choice of a crepant 
resolution X^, — X^., i.e., independent of the choice of a triangulation of A. The result 
suggests that there might also be a version hP''^[X, w) = h'^^'^^~P''^{X , w); however, it is not 
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currently known how to define h^''^{X, w) and w) directly from the twisted de 

Rham complex without using Thm. 10.11 Note however that rearranging indices yields: 

Corollary 0.3. With the assumption of Thm. \ U.2{ 

where n = dimXs, hP'i{Xj:,w) = /iP'«+'=i7P+«(Xs, w), and H'{X^,w) is defined as the 
{i — l)th hypercohomology o/0^ oR-J-kCxe with its Schmid-Steenbrink mixed Hodge structure 
(analogously for (Xg, w) ). 

A formula for hP''^{S) was given by Danilov-Khovanskii. To compute hP''^{S), we use the 
toric description of the resolution and the weight filtration spectral sequence of the 
cohomological mixed Hodge complexes computing vanishing cycles. 

The structure of the paper is as follows. In we introduce the combinatorial setup 
and describe in detail the construction of the proposed Landau- Ginzburg mirrors and their 
structure. In [|2] we speculate on homological mirror symmetry for our constructions, and 
explain its relationship with the results we prove in the paper about cohomology groups. 
This section, as well as ^ can be viewed as extensions of this introduction. ^ reviews 
basic formulae for Hodge numbers of hypersurfaces in toric varieties. §1] fills in some of the 
necessary background in mixed Hodge theory, ^then gives the details of the calculation 
of the Hodge numbers of the mirror: this is the heart of the paper. ^ discusses, without 
too many details, various additional issues associated to our proposals: the relationship 
of our construction with the discrete Legendre transform and the Gross-Siebert picture; 
the relationship with the proposal of Abouzaid, Auroux and Katzarkov jAAK] : mirrors 
for complete intersections; and an orbifold version of some of our conjectures. Finally, ^ 
considers in detail a Fano example, namely the cubic threefold. 

We would like to thank Denis Auroux, Patrick Clarke, David Favero, Hiroshi Iritani, 
Maxim Kontsevich, Conan Leung, Kevin Lin, Arthur Ogus, Tony Pantev, Chris Peters, 
Bernd Siebert, Manfred Herbst, Daniel Pomerleano, Dmytro Shklyarov and Duco van 
Straten for useful conversations. 

1. The SETUP: The mirror pair of Landau-Ginzburg models 
1.1. Resolutions. As in the introduction, let 

M = Z'^+\ Mk = M®zK, X = Homz(M,Z), Xk = A^ ®z K. 
We will also use the notation 

M = M©Z, Mm = M8)zK, a = Homz(A7,Z), Xr = A ®z K. 

We recall briefly the standard correspondence between convex polyhedra and fans. First, 
a lattice polyhedron A C Mjg is an intersection A of half-spaces with boundary of rational 
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slope such that A has at least one vertex and all vertices of A lie in M. A lattice polytope 
is a compact lattice polyhedron. If Cone(A) denotes the cone over A as defined in the 
introduction, then a lattice polyhedron A defines a toric variety Pa by 

Pa = Proj C[Cone(A) n {M © Z)] 

where C[P] denotes the monoid algebra of a monoid P. For r C A a face, the normal cone 
to A along r is 

A^a(t) = {n G I n\r = constant, (n, m) > (n, m') for all m & A, m' & r}. 
The normal fan of A is 

Sa := {Na{t) I r is a face of A}. 
The normal fan Sa carries a strictly convex piecewise linear function ip^ defined by 

<^A{n) = — inf{(?7,, m) \ m E A}. 

Conversely, given a fan E in whose support |S| is convex, and given a strictly convex 
piecewise linear function with integral slopes (p : |S| — t- M, the Newton polyhedron of (f is 

A^ := {m e Mm I (p{n) + (n,m) > for all n G 

By standard toric geometry this coincides up to translation with the convex hull of all points 
of M indexing monomial sections of the line bundle associated to the divisor (f{np)Dp. 
Here the sum is taken over the rays p of S, Dp being the corresponding toric prime divisor, 
and Up the primitive generator of p. So we may also associate a Newton polytope to a 
Laurent polynomial or a line bundlej^ 

If S is a fan, we denote by Xs the toric variety defined by S. If a is a strictly convex 
rational polyhedral cone, then we write X^r for the affine toric variety defined by the cone 
cr. Given r G S, V{t) will denote the closure of the torus orbit in corresponding to r, 
e.g., ^({0}) = Xs. For p G S a ray, V{p) is a toric divisor which we will also call Dp. 

Now fix once and for all a lattice polytope A C Mjr with dim A = dimMjR > 0. 
This defines a projective toric variety Pa with an ample line bundle Op^{l) with Newton 
polytope A. The fan defining this toric variety is the normal fan Sa of A, and the line 
bundle (9p^(l) is induced by the piecewise linear function ip^ '■ — )■ M on the fan Sa- 

We shall assume throughout this paper that Pa is a non-singular variety. This is equiv- 
alent to each cone in the normal fan to A being a standard cone, i.e., being generated by 
ei, . . . , e,, where ei, . . . , e^+i is a basis of N. We shall also assume that A has at least one 
interior integral point. As we will see in §1.3[ this is equivalent to the condition k,{S) > 
used in the introduction. 



If no global section exists, the polytope will be empty. 
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We define a = Cone(A) C as in the introduction and cr = cr^ C where the dual 
cone is defined by 

= {n e iV^Km, n) > for all m G Mr}. 

Note that 

a = {{n,r) \ r > V2a("-)}- 
Our first task is to specify precisely the subdivisions of the cones a and a we will use. 
There is a canonical choice of resolution for a: 

Proposition 1.1. Let p := (0,1) G N^. Then p G lnt{a). Furthermore, let S be the fan 

given by 

E := {f\f a proper face of a} 

U {f + R>oP I f a proper face of a}. 

This is the star subdivision of the cone a along the ray M>op. Then is a non-singular 
variety. 

Proof. The first statement is obvious, since p is strictly positive on every element of 
Cone(A) \ {0}. For the fact that X-^ is non-singular, let f be a proper face of a. Then f 
takes the form 

f = {{n,LpA{n)) \ nEf'} 

for some f' G Sa- In particular, since Pa is assumed to be non-singular, f' is a stan- 
dard cone, say generated by ei, . . . ,ej, part of a basis. Then f + M>oP is generated by 
(ei, v^A(ei)), . . . , (cj, </3A(ei)), (0, 1) which extends to a basis of N. □ 

Remark 1.2. Note that the projection N ^ N induces a map on fans from S to Sa, so 
we have a morphism — > Pa- This is clearly an A^-bundle, and the source is the total 
space of Op^(— 1). 



Next, we will describe allowable refinements of a. As we see shortly, we will only consider 
those corresponding to crepant resolutions, i.e., refinements which arise from polyhedral 
decompositions of A into lattice polytopes. We first give a canonically determined 
polyhedral decomposition of A. 

Let /i* : A n M — )■ Z be the function defined by 



and 



iimedA 
-1 if me Int(A) 



(1.1) 



A* := Conv{{m,h^{m))\m G AnM} C Mr©M. 
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Figure 1. A polytope A and its subdivision 0^^, 

Here Conv A denotes the convex hull of a set A. Then A* has one face (the upper face) 
equal to A x {0}, and the remaining proper faces define, via projection to M]r, a subdivision 
of A. Let denote the set of faces of this subdivision. 

Definition 1.3. A polyhedral decomposition of A is said to be star-like if it is a regular^ 
refinement of 0^^. 

We will assume from now on the existence of the following: 

Assumption 1.4. Let 0^ be a star-like triangulation of A into standard simplices, i.e., 
simplices r such that Cone(r) is a standard cone. 

Such a triangulation need not exist; it does, however, always exist if dim A = 2. The 
existence of 0^ is equivalent to the existence of a toric crepant resolution of the blow-up 
of X„ at the origin. To get rid of the Assumption 11.41 one may work with toric stacks. 
There always exists a crepant resolution as a toric Deligne-Mumford stack whose coarse 
moduli space has at worst terminal quotient singularities. Such is given by a triangulation 
of 0^^: by elementary simplices, i.e., simplices whose only lattice points are its vertices. In 
this paper we stick to Assumption 11.41 to avoid having to develop the relevant theory on 
stacks. More generally, one should conjecturally use an orbifold twisted de Rham complex, 
orbifold cohomology and vanishing cycles on orbifolds to obtain more general results, see 
§6.51 Note that there are typically several choices for 0^. These are related by "phase 
transitions in the Kahler moduli space." More precisely, each choice is given by a maximal 
cone in the secondary fan of a. As we will see, the Hodge numbers don't depend on this 
choice. 

Having fixed we obtain a refinement S of cr by 

S = {Cone(r) | r G ^} U {{0}} 
and similarly replacing ^ by Geometrically, we have a composition 

Xj: —7- Xs, — )■ 

where the second map is the blow-up of the origin in X^; this will be explained in §1.4[ 

^Recall a polyhedral decomposition ^ of A is regular if there is a strictly convex piecewise linear 
function on A whose maximal domains of linearity are the cells of 
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Figure 2. A star-like subdivision giving a crepant resolution 

Example 1.5. Let A be a reflexive polytope, i.e., 

a) A has a unique interior lattice point v and 

b) the polar dual A* := {n G N^\{n,m — v) > —1 Vm G A} is a lattice polytope. 



Under Assumption II. 41 a) implies b). It is not hard to see that a = Cone(A)^ = Cone(A*). 
In this the star subdivision of A at v. This is the subdivision whose maximal 

cells are the convex hulls of r U {f } with r a maximal proper face of A. 

Example 1.6. This will be a running example throughout the paper. We consider the 
two-dimensional polytope drawn on the left in Figure [1] The picture on the right gives 
We then have several possible choices for for example, we may take the one given 
in Figure [21 

We can now choose Landau- Ginzburg potentials 

w : Xs ^ C, 
w : Xg C. 

We write these as follows. First, for w, the primitive generators of one-dimensional cones 
of S are p = (0, 1) G X © Z and (nr, V^a('^t)), where r runs over codimension one faces of 
A and is the primitive (inward-pointing) normal vector to r. Thus we write 

(1.2) w = Cpzp + ^ c,2("-^^("-)), 

tCA 

where again the sum is over all codimension one faces of A. Second, the primitive generators 
of the one-dimensional cones of S are of the form (m, 1) for m G A fl M, so we write 



;i.3) ^= E 



m e An A/ 



Here all coefficients are chosen in C generally. In Prop. II. 8[ we note that giving w is 
equivalent to giving a global section of (9p^(l) and show that its zero locus S coincides 
with the critical locus of w. 

Example 1.7. Continuing and extending Ex. II. 6| we may take for A a rectangle of edge 
lengths 2 and g + 1 such that A has g interior points and 5 is a genus g curve. Before the 
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resolution, its mirror Landau- Ginzburg model {X^, w) is then given via (11. 2p as 

{Xa- = Spec C[x, y, z, u, v]/{xy — 2^, uv — z^'^'^), c^x + Cyy + c^z + c„m + c^v) 

where z = z^, u, v are the monomials given by the normals of the length two edges of A 
and X, y those for the length g + 1 edges. The singular locus of X^j is non-compact with 
four irreducible components, two of which are generically curves of Ai singularities, the 
other two generically curves of Ag singularities. 

1.2. Properifications. Now w and w are not proper, so we need to choose properifications 
of these maps. The particular choice will turn out not to be important, as it won't affect 
the answer: the sheaves of vanishing cycles whose cohomology we will eventually have to 
compute will have proper support even before compactifying. We still need to make some 
choice to show that we are not losing any cohomology, however. The two functions w and 
w are dealt with separately. 

Since Xg is an A^-bundle over P^, the obvious thing to do is to compactify to a 
pi-bundle over Pa. 

Proposition 1.8 (Properification of w). Consider S given by 

E := {f\f a proper face of &} 

U {f + ]R>oP I f a proper face of a} 
U {f — M>oP I f a proper face of a}. 

Then 

(1) is a complete, non-singular fan containing the fan S, hence giving a projective 
compactification Xg C Xg . The projection iV — )■ X defines a map of fans from S 
to Ea; giving a morphism Xg — Pa which is a -bundle. Let Dq be the divisor 
corresponding to the ray M>oP and Doo be the divisor corresponding to the ray 
— ]R>op. These are sections of the projection to Pa, hence isomorphic to Pa- 

(2) w extends to a rational map w : Xg — ^P^ which fails to be defined on a non- 
singular subvariety of codimension two. Blow up this subvariety to obtain Xg. 
Then Xg \ Xg is normal crossings. Furthermore, w extends to give a projective 
morphism w : Xg — > P^ . 

(3) There is a non-singular divisor Wq on Xg such that w~^{0) = Dq UWq is a normal 
crossings divisors, with Dq fl Wq isomorphic to the hypersurface S in Pa given by 
the equation w = 0. Note this makes sense as the terms in w are in one-to-one 
correspondence with points of An M, and these points form a basis for (9p^(l). 

Proof. (1) is standard; we leave the details to the reader. 

For (2) and (3), let us begin by considering a cone of the form f±]R>op in E, where f is a 
maximal proper face of a. We know that f is dual to Cone(w) C a for some vertex v of A. 
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Furthermore, f ±]R>oP is generated by vectors (ei, v^aIci)), . . . , (e^+i, v^aIq+i)), ±P where 
Cj G is constant on a maximal proper face of A containing v and </?A(ej) = — (ej,f). 
Thus C[f ^ n Af] = C[xi, . . . , 2:^+2], where xi, . . . , Xd+2 are the monomials associated to the 
dual basis to (ei, v^aIci)), . . . , (e^+i, v7A(ed+i)), ±p. 

Now if m G A n M, a monomial can then be written in terms of Xi, . . . , Xd+2 as 

d+l 

Jm,l) _ ±l TT ™({ei,¥'A(e»)),(m,l)) 

i=l 
d+l 

_ ±1 TT (e,,m)-(ei,j;> 
i=l 

Note also that if e^, . . . , e^^;^ is the dual basis to ei, . . . , e^+i, then e^, . . . , e^^;^ generate 
the tangent cone to A at v, so in particular f + e* G A fl M. Thus up to coefficients the 
monomials z^"'^) and z^^'+'^i appear in w and are of the form x^^2 and a;^_^2^i respectively. 
Therefore, in this affine coordinate patch, we can write 

w = x^^^i^^v + c„+e*Xj + higher order terms). 

Thus, for general choice of coefficients, in the affine open subset of corresponding 
to f + ]R>oP, t&~^(0) is reducible, consisting of the two irreducible components given by 
Xd+2 = (which is the divisor corresponding to the ray M>oP, i.e., -Do) and the hypersurface 
given by 

d+l 

(1.4) c„ + Cy+e*Xi + higher order terms = 0. 

Again, for general choice of coefficients, this will be non-singular. 

Similarly, in the affine open subset of corresponding to f — M>oP, we see that w has 
a simple pole along the divisor Xd+i = (the divisor -Doo) and is zero along a hypersurface 
defined by the same equation (11. 4p . 

Let Wq be the closure in of the hypersurface given by (ll.4p in any of the affine 
subsets considered. Then w is zero along Dq U Wq and has a simple pole along D^c, and w 
is undefined along Wq H -Dqo- 

Furthermore, the equation (11.41) restricted to either Dq or Z^oo yields (an affine piece of) 
the hypersurface in Pa defined by w = 0. Thus in particular, Wq fl -Doo is a non-singular 
variety of codimension two, which we may blow up to get a non-singular variety Xg, with 
exceptional hypersurface E, and w extends to a well-defined function on X^. Note the 
proper transforms of -Dq, -Dqo and Wq in are isomorphic to -Dq, -Dqo and Wq, so we 
continue to use the same notation. 
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The center of the blow-up is contained in D^o = \ Xg, so is an open subset of 
Xg, with Xg \ Xs = Dao U E. We have now shown (2). Then (3) follows also from the 
above discussion. □ 

Let A' C A be given by 

A' := GonY{v e Int(A) n M}. 
Recall that we assume dim A' > 0. 

Remark 1.9. In classical Calabi-Yau mirror symmetry as referred to in Ex. 11.51 one con- 
siders a family of hypersurfaces given as 




where t varies, A is reflexive and v is its unique interior integral point, see |Bat94] . Re- 
placing by we may view this as a family of potentials 

Wt = tw + Wq. 

In fact this generalizes to our more general setup if we set 

msA'nM 

because in the Calabi-Yau case A' = v. However, whereas in the Calabi-Yau case this 
gives a toric degeneration of the fibre Wt = as t 0, in general it will only be a partial 
toric degeneration, i.e., wq = consists of the union of all toric divisors in Xs plus one 
non-toric divisor given by the Laurent polynomial wo- We will see in §1.3l that we have the 
linear equivalence 

where S' is the zero locus of J2m&A'nM'^mZ"^, so 5" = in the Calabi-Yau case. 

We next consider the prop erificat ion of w : Xs C. To do this, we first consider the 
obvious choice of a projective toric variety on which w can be viewed as the section of a 
line bundle. Let 

A = Conv{0, p} U {(n^, </?a('^w)) I w C a a codimension one face of A}. 

The wary reader will notice that the corresponding dual object to A is Conv(A x {1} U 
{0}) C Mjj rather than A itself because the former is the polytope supporting the pencil 
given by w. Because (f/^ is convex, one sees that is a vertex of A and the tangent cone 
to A at is precisely the cone a. Thus the normal fan to A is a complete fan in Mk 
containing the cone a, so is a compactification of Xo-. The function Wa on defined 
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by the same equation as the function w on then extends to a rational function on 
given by 

Proposition 1.10 (Properification of w). There is a projective hirational morphism tt : 
P^ such that 

(1) The map tt factors through a projective toric resolution of singularities Xf^ — )■ P^ 
given by a fan S which contains S as a subfan. 

(2) // dim A' = 0, there is a surjection 7rconc(A') : -^2 — ^ -Dconc(A') where -Dconc(A') 
denotes the toric divisor given by the ray Cone(A'). The inclusion -Dconc(A') — ^ -^s 
is a section o/ vrconc(A') • 

(3) w := o 71 is a projective regular map to P^. 

(4) w~^{C) is non-singular, where C = P"*^ \ {oo}, and X-s C w^^[C), with D : = 
w~^{C) \ Xy, a normal crossings divisor. Furthermore, w^^{0) is non-singular in a 
neighbourhood of w~^{0) fl D. 

Proof. We begin by refining the normal fan to a fan S with the properties 

a) S = {r G S I r C cr} and 

b) Xg is a projective non-singular toric variety 

as follows. Let (f^ denote the piecewise linear convex function giving the subdivision E of 
a. By adding a linear function, we may assume (fT, > 0. Note that if one gives a function 
on the set of integral generators of a cone r, there is a canonical extension to all of r as a 
convex piecewise linear function. Its graph is given by the lower faces of the convex hull 
of the graph of the function on the set of generators. We use this construction to extend 
ifs to all of Mr by setting the value on a generator m of a ray contained in a to ipj:{m) 
and to zero for all further rays. One easily checks that the so-constructed functions on 
the cones glue such that the extension is continuous and piecewise linear. Moreover, it is 
convex away from da. We denote the extension by ip^, also. By the strict convexity of (f^ 
at da, for some small e, we find that Lp^-\-eips is a piecewise linear convex function giving a 
refinement of with the property of E in a) above. In general, this may not yet induce a 
desingularization, however we may refine it to such. This can be done by pulling additional 
rays, i.e., by successively inserting new rays along with star-subdivisions where each ray 
is generated by an integral point not contained in the support of E. These operations 
can be realized by piecewise linear functions and thus induce projective partial resolutions 
eventually giving a total projective resolution. We call the resulting fan S which will be 
the fan in (1). 

To see (2), note that we may modify the previous procedure if dim A' = as follows. 
The fan of the projective toric divisor -Dconc(A') is given as the minimal fan containing the 
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Figure 3. Properification of w 

maximal domains of linearity of a piecewise linear function ip' which we may pull back to 
a function 99' under the projection 

Mm ^ Mi8/(MCone(A')). 

Note that (p' is piecewise linear on because there is only one ray in which is in 

fact — M>o ■ Cone(A'). We may replace ip^ + eips in the above procedure by + ey?' to 
obtain a S satisfying (2). 

We have a resolution of singularities (j) : — with C Xg, and since Xj^ is 
non-singular, D^o '■= Xg \ Xg is a divisor with normal crossings. 

Next, consider the section 

tCA 

of Cp^(l). Because the coefficients are general, this section is A-regular in the sense of 
|Bat94j . Def. 3.I.I. Thus pulling back this section to Xg we obtain a section (j)*w'^ of 
(/)*Cp^(l) which by |Bat94] . Prop. 3.2.I. is S-regular, and hence its zero locus defines a 
non-singular hypersurface H C Xg. Now the rational function pulls back to Xg and 
induces a pencil contained in the linear system |0*(9p^(l)|. This pencil includes both the 
non-singular hypersurface H and the hypersurface Hoc given by z*^ = 0. One sees easily 
that supp(-ffoo) = -Doo- Thus i^oo is a normal crossings divisor, but need not be reduced. 

Again since H is S-regular, it meets D^o transversally. So locally, at a point of -Dqo H H, 
the base- locus of the pencil defined by on Xg is given by equations xf^ ■ ■ ■ x^" = xq = 0. 
Blowing up this base-locus, we obtain a projective variety P^, which is singular, but now 
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(0,2,1) 



(3,2,1) 



(-1,0,3) 




(3,0,1) 



Figure 4. A on the left and A* on the right. 



extends to a morphism w : — )■ factoring through the blowup map tt. See Figure |3] 
for a picture. This gives (3). Let E be the exceptional locus of vr. 

Next, note from the local description of the base-locus that the singular locus of P^ is 
contained entirely in w~^{oo), the proper transform of iJoo- Note also that X^, was disjoint 
from iJoo; and hence C w~^[C), the latter variety being non-singular. Furthermore, 
w^^{C) \ Xj] = E n w~^{C), and from the explicit local description of Hoo fl H, one sees 
the remaining part of (4). □ 

Corollary 1.11. The morphisms w : — ?■ C and w : Xf. — )■ C are quasi-projective. 

Example 1.12. Continuing with Ex. II. 6^ let's assume that the vertices of A are (0,0), 
(3, 0), (0, 2) and (3, 2). The normal fan to A, Ea, is the fan for P^ x P^, with rays generated 
by (±1,0) and (0,±1). We have 



corresponding to the six points given above in the given order, one sees that the image of 
P^ in P^ is given by the equations ZQZ2Z4 — zf = and z^z^ — zf = 0, which are homogeneous 
versions of those in Ex. 11.71 In addition, 

Zi + Z2 + Z3 + Zi + Z5 



(^a(1,0)=0, (^a(-1,0) = 3, (^a(0,1)=0, (^a(0,-1) = 2 



and hence 
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Note that A is a reflexive polytope. This is no longer true if (7 > 2 as in Ex. 11.71 

For a general choice of c G C, the surface with equation = c is a singular K3 surface 
whose inverse image Wc under the blowup map — )■ is smooth and of Picard rank 
18. The right side of Figure H] indicates the part of the fan S induced from the subdivision 
^ of A. One can view the entire fan S by also triangulating the further faces of A*, but 
using vertices which are not necessarily integral points. 

1.3. A' and the Kodaira dimension of S. The significance of A' throughout the paper 
is in part explained by the following results. 

Proposition 1.13. Let ipK denote the piecewise linear function on Sa which represents 
Kf^, taking the value —1 on the primitive generator of each ray ofT,/^. Then 

Proof. Note that ipx exists by smoothness of Pa- Let A" = A^n denote the possibly empty 
Newton polytope of the piecewise linear function ip" = ip^ + ipx on Ea- We need to show 
that A" = A'. Indeed, since A" is a lattice poytope contained in the relative interior of A, 
we have A" C A'. On the other hand A" D A' because, using the fact that the tangent 
cones to A at vertices of A are standard, each lattice point in the relative interior of A 
has integral distance > 1 to each facet. □ 

Corollary 1.14. //Pa has nef anti- canonical class, then the Newton polytope of —Kp^, 
which we denote by Ax, is reflexive. We then have the Minkowski sum decomposition 

A = Ak + A'. 

Figure [5] shows this decomposition for Ex. 11.61 In the case that —Kp^ is nef, on the 
dual side, we have the convex hull of the graph of —(fK is the cone over the dual reflexive 
polytope of Ax which we denote Ak- This implies that 

Ak = vr(A) 

where vr denotes the natural projection -> TVm- 

Now we can relate the dimension of A' to the Kodaira dimension of S: 

Proposition 1.15. Let S be the zero locus of a general section o/r(PA, Op^{l)) and hence 
a non-singular variety of dimension d. Then the Kodaira dimension of S is 

K,{S) = minjdim A', d} 

where we use dim0 = — 00. 

Remark 1.16. The proposition also holds true for A' = which we have excluded from our 
general considerations. It was pointed out to us by Victor Batyrev that smoothness of Pa 
is necessary for the proposition to hold true because there exist hypersurfaces of general 
type in toric varieties with no interior lattice points in their Newton polytope. 
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Figure 5. 

Proof. Set k := min{dim A', c/}. We need to show that k is the minimal integer such that 
dimT{S,Os{nKs)) as a function of n is O(n^). Let l{nA') denote the number of lattice 
points contained in nA' . We are done if we show that dimT^SjOsinKs)) = l{nA') for 
dim A' < d and that dimr(S', Os{nKs)) is bounded below by l{nF) for dim A' = d + 1 and 
some facet F of A' because the Kodaira dimension of S is bounded above by dim S = d. 
By the adjunction formula, we have 

Ks = {K^^ + S)\s. 

By Proposition 11.131 and standard toric geometry, it follows that 

/(nA') = dimr(PA,Op^(n(i^p^ + 5))). 

For dim A' < d the map r(PA, Cp^(n(J^p^ + S))) -> r(PA, 0^^{n{K^^ + S)) ® Os) is 
injective. This can be checked on the dense torus where S is given by a principal ideal a 
generator of which has Newton polytope A. Thus, every non-trivial element in the ideal 
has a Newton polytope of dimension d+1. For the same reason, for dim A' = d + 1, the 
restriction of the above map to sections given by monomials in a face of A' is injective. □ 

1.4. Geometry of the central fibre of the potential w. We now return to describ- 
ing w : — C in more detail. In particular, we wish to describe w"^(0). It follows 
from Proposition [LTOI (4) , that Sing(w~^(0)) is proper over C. We define some additional 
combinatorial objects. First, let 

a° := Conv{n G iV | n G a, n 7^ 0}. 

All monomials of w lie in a° fl A. Moreover, 



E 

, ne/ 



dnZ 



I C a" nN, \I\ < cx),a„ G 



is the ideal of the origin in X^j. Its blow-up BIqXo- coincides with the toric variety given 
by the normal fan of a", see |Th03] for more details. We will see shortly that this normal 
fan is 

= {Cone(r) | r G ^ J U {{0}} 

which we may think of as the star subdivision of a along Cone(A'). 

We can extend the function /i* : A fl M — t- Z to a piecewise linear function /i^, : A — )■ R 
by h^{m) = inf{r|(m, r) G A^} where A^, is defined in (11.11) . This is a strictly convex 
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function. We now give a more useful description of We recommend keeping in mind 
Figure [H 

Lemma 1.17. (1) Ij vje think of h^, as a piecewise linear function on given by 

h^{rm, r) = rh^{m), 

then (T° is the Newton polyhedron of /i* . 

(2) We have = Eg-o and 

Thus, there is a one-to-one correspondence between proper faces of a" and which 
we will refer to as duality. 

(3) Assume A' 7^ 0. Then we have 

^* = {r|r C dA} U {r|r G r ^ A', r H A^ 0} U {r|r C A'}. 

Remark 1.18. In the language of Gross-Siebert, we have refined the discrete Legendre 
transform a ^ d" to (S*, /i*) o (0"°). This corresponds to a blow-up X„ and a degeneration 
of X^. We will come back to this point of view in ^ 

Proof Define h'^: A^Rhy 

Kijn) = - inf {n, (m, 1)); 

this is also a convex piecewise linear function. 

To prove (1), we need to show that in fact /i* = h'^. To see this, first note that for 
m G dA n M, there exists an G (7° fl iV such that (ra, (m, 1)) = 0. Since (n', (m, 1)) > 
for all n' G a, we have h'^ijn) =0. If m G Int(A) fl M, then (p, (m, 1)) = 1, while 
(n, (m, 1)) > 1 for all n G 0"° fl iV, so (n, (m, 1)) > 1 for all n G (T°. Thus h'^{m) = — 1. 
Now by construction, /i* is clearly the largest convex function with these values on integral 
points, so h'^{m) < h^,{m) for all m G A. 

On the other hand, suppose u G is a maximal cell; then h^\^^ is represented by some 
G © M on cj, identifying u with u x {1} C Mjg. By Assumption 11.41 u contains a 
standard simplex, and hence the integral points of Cone(a;) fl (M x {1}) span M. Since /i* 
only takes integral values on points of A fl M, we conclude that in fact n^^ is integral, i.e., 
n^^ G N . Now we observe that — n^^ G (T°, as 7^ and > h^:{m) > {n^, (m, 1)) for all 
m G A. So for m G w, h'^ijn) > —{—n^, (m, 1)) = h^{m). Thus /i^, = h'^. 

Because is strictly convex on S*, we have = Eo-o and the remainder of (2) follows 
from what we discussed before the lemma. 

Part (3) follows from the construction of which makes be the star subdivision of 
A centered at A'. □ 
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We now refine part (3) of tlie previous lemma and also prove some combinatorial facts 
that we need later. 

Lemma 1.19. (1) // Sa' denotes the normal fan of A' in N^/A'-^, the projection 

^ N^/A'^ 

induces a map of fans 

pAA' '■ ~^ Sa'- 

(2) There are natural maps 

{t\t C dA} {t\t G ^*,r 2 A',rn A' ^ 0} ^ {r|r C A', dimr < dim A}. 

Here Paa' ^■^ bijective and takes r C dA to the unique cell t' of with t' ^ A', 
r' n A' 7^ 0, and r' fl dA = r. The map p^^r is surjective and takes t' to r' n A'. 
We define 

PAA' ■■ {t\t C A} ^ {r|r C A'} 
to be the composition p\^,op^^^, on proper faces of A, andp/^Ar{A) = A'. Explicitly, 
for T C A, 

VAA'ij) = Co\\y{p/^^/^i{v)\v is a vertex of t} 

= A' n nf=i W e MM|(m,n^J = -(/^aKJ + 1} 
where Ui are the maximal proper faces of A containing r. We have dimr > 
dim Pa A' (''")■ Moreover, Paa' is the composition of paa' with the bisections which 
identify the set of faces of A, respectively A', with the corresponding normal fan. 

(3) The intersection of a" with S induces a subdivision 0^Qct° ofda° where each bounded 
face is a standard simplex. Moreover, under the duality of Lemma \1.1'1\ (2), at 
most faces dual to r' C A' receive a refinement. For r' C A' and f' C a° the 
corresponding dual face, there is a natural inclusion reversing bijection 

{f e ^9,o\ Int(f) C Int(fO ^ 0} ^ pA'ir') 

where the simplex corresponding to r E Paa' (''"') dimension d + 1 — dimr. 

Proof. For (1), first note tliat by Proposition 11.131 (p^i is piecewise linear and convex, but 
not necessarily strictly convex, on the fan Ea- The maximal domains of linearity of ip^' 
define a fan S' of not necessarily strictly convex cones in N^, and the fan Sa' is then 
obtained by dividing out each cone in E' by A'^. This gives the map of fans paa' of (1). 

In particular, if r C dA and f is the corresponding cone of Sa, n G f, 7^ 0, we have that 
(n, ■) = —ipA^n) is a supporting hyperplane of the face r. The face of A' corresponding to 
Paa'{t^) is then supported by the hyperplane (n, ■) = —(pA'{n). In particular, if n e Int(f), 
the image of n in N^/A'-^ lies in the interior of Paa'{t')- In this case, n defines a supporting 
hyperplane of A which intersects A only in r, and defines a supporting hyperplane of A' 
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which intersects A' only in the face dual to Paa'(^)- This gives a surjective map from the 
set of faces of A to the set of faces of A'. Thus to prove (2), we just need to show that 
this map is the map Paa' described in (2). 

To show this, we first need to show that for any r C dA, there is a unique r' G <?^* such 
that r' ^ dA and r' fl dA = r. This will show bijectivity of p^A'- Furthermore, we need 
to show that r' fl A' is the face r" of A' corresponding to Paa'(^)- 

To show both these items, let n G Int(f) be chosen so that (fK{i^) = ^1- Then the affine 
linear function —{n, ■) — ipA{n) takes the value on r and is strictly negative on A \ r, 
while —{n, ■) — (pA'{n) takes the value on t" and is strictly negative on A' \ t". Since 
'^A' = V'A + V'a' by Proposition I1.13[ —{n, •) — ipA{n) takes the value on r and the value 
-1 on t". So 

— {n, m) — ipA{n) = h^{m) for m G Conv(r, t") =: r', 

— (n, m) — (pA (fl) < (m) for m G A \ r' 

by the definition of /i*. Thus r' G and r' fl dA = r, t' H A' = t", so t' is as desired. 

Finally, given a cell r' G with r' fl dA = t, t' ^ dA, we need to show that r' is as 
constructed above. Indeed, there is an affine linear function —{n, ■) + c which coincides with 

on r' and is smaller than /i* on A \ t'. Then necessarily the hyperplane (n, ■) — c = 
intersects A precisely in the face r, so this hyperplane is a support hyperplane for the face 
T. Thus n G Int(f) and c = —^PA{n)- Furthermore, for —{n, ■) + c to take the value —1 on 
r' n A', we must have (pK{n) = — 1. Thus r' is as constructed in the previous paragraph. 

The remaining statements of (2) follow easily from the above discussion. 

For (3), by Prop. 11.11 we have 

t = {{0}, M>op} U {f|r C dA} U {M>oP + f\r C dA} 

where f = Cone(r)-'- fl a. We claim that, for G S, 

a°nuj = Conv((a;niV)\{0}). 

Indeed, a; is a standard cone which, w.l.o.g, we may assume maximal. Say vq, vi, . . . , Vd+i 
are its primitive integral generators with vq = p. Let G A be the integral generator 
of the ray dual to the cone generated by vi, . . . ,Vd+i. Then {{paa'{v),1), ■) = 1 con- 
tains vq, . . . , Vd+i and is a supporting hyperplane of a". Thus this hyperplane supports 
Conv{t>o, . . . , Vd+i} as a face of a" fl u. Since Conv((a; fl iV) \ {0}) = Ajf j| Aj > 1}, 
the claim follows. 

Now E induces a subdivision of a" (resp. da°) which we denote by (resp. ^da°), 
see Fig. [6l At most faces of a° which contain p are effected by the subdivision. By the 
claim, the cells in J^sa° properly containing p are 

{Conv{p,t;[,..,<}|rC9A} 
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Figure 6. for Example ITTB] 

where f [, . . . ,v^. denote the primitive integral generators of f, the cone of £ corresponding 
to r. Thus, these cells are in natural bijection with faces of A {p itself corresponding to 
A). Note that under the duality of Lemma [1.171 (2). the face of a° dual to r C A is an 
unbounded face. Again by the claim, each such face has one bounded facet, which is 

:= Conv{^;[, ...,<.}. 

By the argument for (2) above, 00^ is dual to p\/^i{t). In turn, the minimal face of a° 
containing both p and Ur is dual to Paa'{t)- This demonstrates the inclusion reversing 
bijection. The dimension formula follows from duality and what we said already. □ 

The Newton polytope of w is given by 

Ao = A n (T° = Conv ({p} U {{rir, V^a('^t)) | t C A a codimension one face of A}) 

which is also the convex hull of the bounded faces of &°. Lemma [1 . 1 71 then implies 

Lemma 1.20. We have dimAo = d + 2 for dim A' > and dim Aq = d+1 /or dim A' = 0. 

We set 

(1.5) Wt = w~\t) n (C*)^+2 

where the overline denotes the closure in Xj]. Now, Wt is the strict transform of the 
hypersurface of given by the same equation because the maps — )■ X-£^ — )■ X^ 
restricted to (C*)'^''"^ give isomorphisms. So we may also take the closure (11.51) in X^, 
which we then denote by W^. To complete the notation, let Wt denote the closure of Wt 
in Xg and Wt the closure in such that we have a diagram 

w^^ w; Wt^ Wt Wt 

^ o n n o 

(1.6) 

' ■ " " " 

Xs. Xs^ X2 Pa- 
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Given r G 0^ ^ let ^*(r) denote the smallest cell of 0^^ containing r. For r G we set 

A, = Ao n f, 

where f denotes the face of a° dual to r. 

Proposition 1.21. (1) For r G the Newton polytope of the hypersurfac^ V{t) fl 
Wq in V{t) is A^. For v e A' H M, the divisor Wq fl is ample in Dy. 

(2) The intersection of Wt with every closed toric stratum in Xg is either empty or 
smooth for t = and t G C general. For r G the Newton polytope of the 
hypersurface V{t) fl Wq in V{t) is A^^(^). 

(3) For t ^ 0, we have w~^{t) = Wt- For t = 0, we have 

w-\0) = WoU \J Dy, 

i;6lnt(A)nM 

where Dy C Xs is the toric divisor corresponding to the ray Cone(f ) G E. Further- 
more, w~^{0) is normal crossings. 

Proof. Consider the embedding of polytopes Aq &°. First assume that dim A' > 0, so 
that dimAo = dim a" by Lemma [1.20[ In view of Lemma [1.171 (2). for r G ^3^^,, Cone(r) 
is the normal cone to a face of a". From this embedding and the fact that every bounded 
face of a° is also a bounded face of Aq, we see that Cone(r) is contained in a normal 
cone of Aq, equal to a normal cone of Aq provided that r C A'. Thus the embedding 
of polytopes induces a morphism of toric varieties / : Xs, — > P^p- On the other hand, 
if dim A' = 0, then by Lemma 11.201 one sees that Aq is a face of a°, and the projection 
M — )■ M/Zm for m the normal vector to the face Aq induces again a morphism of toric 
varieties / : X^, — )■ P^^. In either case, Wq = f~^(W^^) for an ample hypersurface 
W^^ C P^g given by the same equation as Wq. Given r G its dual f is a face of a" 
and we have V{t) = Ff. The restriction of / to Pf yields the natural map Pf — ?• P^nAo- 
This is an isomorphism if r ^ dA. In any case, the Newton polytope of Wq fl Pf is 
isomorphic to that of W^^^ fl PfnAo "which is f fl Aq by ampleness. In particular, Wq fl Pf 
is ample in Wq if r ^ dA. 

We have shown (1) and will now deduce (2). The assertion that the Newton polytope 
of V{t) n Wq is A^^(t-) follows from the fact that Wq is the puUback of Wq under the 
map Xs — )■ Xs, which takes a stratum V{t) to V{^^{t)). Since the coefficients of W^^ 
are assumed general, W^^ is Ao-regular. The remainder of (2) follows from the fact that 
regularity is preserved under puUback, see |Bat94] . Prop. 3.2.1, and the smoothness of Xg 
in a neighbourhood of the closure of Wt. 

Finally, for (3), note that, for t ^ 0, Wt is the proper transform of the hypersurface 
W" in Xo- because W^ is a-regular, which is not true for Wq because the latter contains 

"'We use the notation V{t) as shorthand for V^(Cone(T)). 



TOWARDS MIRROR SYMMETRY FOR VARIETIES OF GENERAL TYPE 



23 



the origin of X^j. Since u;~^(0) is the total transform of PVJ, isomorphic over the dense 
torus, the irreducible components of u;~^(0) different from Wq need to be toric divisors of 
Xs, the set of which is indexed by A fl M . The multiplicities may be computed locally as 
follows: A standard fact of toric geometry says that the monomial z^^'^'^ vanishes to order 
{{n,r), [v, 1)) = {n,v) + r along Di,. In particular, if v ^ dA, then for any {n,r) G a", 
((n, r), (f , 1)) > 0, so all the monomials z^"'''^^ appearing in w vanish on D^,. Furthermore, 
the monomial z^ vanishes to order 1 on D^, so C w~^{0) and appears with multiplic- 
ity one. On the other hand, if v G dA, there is at least one monomial z^"'*^) appearing in w 
not vanishing on D^. Moreover, all such non- vanishing monomials are linearly independent 
after restriction to □ 

Corollary 1.22. For t G r C OA, denoting byTj. the torus orbit of X-^ corresponding 
to Cone(r), we have 

W^\t) DTr = i7=°dim5^*(r)-l ^ (^^*^dim 5^. (r)-dim r ^ _^ 

W~^(0) T ~ ^codim 5^, (r)— 2 ^ ^(j^*^dim 5^, (t)— dim r+l 

where codim <^*(r) = d + 1 — dim <^*(r) and denotes a k- dimensional handlebody, i.e., 
the intersection H fl (C*)'^'^"'^ for a general hyperplane H in P'^"'"^. 

Proof. Given r as in the assertion then ^*(r) is a proper face of A. By Prop. 11.211 and 
Lemma [1.19K 3). A^^(^), the Newton polytope of Wq nT^^(^), is a standard simplex. It is 
the convex hull of the primitive generators of the face of a dual to the face Cone(<^*(r)) 
of a. Thus the Newton polytope of W* nT^^(T-) for t 7^ is Conv({0} U A^^(^)). Checking 
dimensions implies ly* nT^.(^) = //^-dim^^.ir)-! ^ ^* ^^^^ 1^; nr^.(^) = H'^-^^'^^^r) for 

t ^ 0. The assertion follows from the fact that the restriction of the map — X^, to 
is a projection = T^,(r) x (^C*)'^''^^'^^'^-'^''^^ T^^r) and w'^t) n is the pullback 
of n T^^i^r) under this map. □ 

Example 1.23. We return to Example 11.51 and Rem. 11.91 where A is a reflexive polytope. 
Then the two Landau- Ginzburg models w : Xy, — C and w : Xf^ — > C have similar 
structure. Both w)^^(O) and w^^(O) have two irreducible components. One of the irreducible 
components of w)^^(O) is isomorphic to Pa, and one of the irreducible components of 
w~^(0) is isomorphic to Pa*. The singular locus of w~^{Q) and w~^(0) are Calabi-Yau 
hypersurfaces in, respectively. Pa and Pa*, and these hypersurfaces are mirror under the 
Batyrev construction |Bat94] . 

Example 1.24. We extend Examples 11.61 and 11.121 There are two interior vertices, vi = 
(1, 1) and V2 = (2, 1), giving toric components Di and D2 of w~^{0). From the particular 
choice of triangulation given in Fig. |2l one sees that Di and D2 are given by the fans 
depicted in Fig. [7] and thus both are isomorphic to P^ x P^ blown up in three points. By 
the adjunction formula, D.^-^ fl Wq and D^^ fl Wq are rational curves, and one can easily 



24 MARK GROSS, LUDMIL KATZARKOV, HELGE RUDDAT 




Figure 7. The fans of Di and D2 




Figure 8. The mirror to a genus two curve 

compute that Wq fl-D^^ ^Dv2 consists of two points. We deduce that w~^{0) is as depicted 
on the right in Fig. [8] and its singular locus S* is a union of three P^'s as depicted on 
the left in Fig. |8l Moreover, Wq is a rational surface because w~^{0) is clearly a type III 
degeneration of K3 surfaces, being simple normal crossings with triple points, and hence 
all components must be rational. One can show that Wq is an Hirzebruch surface F2 blown 
up in 12 points. 

Remark 1.25 (The toric degeneration Wt). In Rem. II. 9[ we discussed that the family of 
potentials Wt is only a partial toric degeneration in general. However, on the mirror dual 
side, if we set 

Wt = tw + z'', 

then Wt defines a toric degeneration of w~^{0). Indeed, recall that p evaluates to 1 on each 
primitive generator of a ray in S and thus the zero locus of z'' is the reduced union of all 
toric divisors in Xj^. Since by Prop. [Tl2T| (3). w^^{0) already contains those corresponding 
to rays generated by G A', we find that Wt degenerates the component Wq to the union 
of all toric divisors Di, with v G dA. Note, however, that the compactified degeneration of 
Wq in is toric but possibly non-reduced in Doo- See Fig. |9]for wq in the example of the 
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Figure 9. Toric degeneration of w ^(0) for the genus two curve mirror 

genus two curve. Note that the critical locus of Wq is non-compact for d>l whereas that 
of Wt for t 7^ is compact. 

The choices for the families Wt and Wt are motivated by mirror symmetry: up to instanton 
corrections and up to fixing coefficients, the complex structure parameter t in Wt (resp. Wt) 
corresponds to the Kahler parameter given by scaling the sum of the complexified classes 
of the exceptional divisors in the resolution in X^, (resp Xg) mapping to the origin in X^j 
(resp. Xij). 

I. 5. The intersection complex of w~^(0). Recall the following standard definition: 

Definition 1.26. Let X = lJie/"^« ^ strictly normal crossings variety. The dual inter- 
section complex Tx of X is the simplicial complex with vertices the index set / and there 
is one simplex (ig, . . . , ip) for every connected component of Xi^ fl ■ ■ ■ fl Xi^. 

Example 1.27. The dual intersection complex of ti;~^(0) is a closed interval. In Example 

II. 5[ the dual intersection of w~^(0) is also a closed interval. In Example 11.61 the dual 
intersection complex of w~^{0) consists of two triangles identified along their boundaries. 
Hence this complex is homeomorphic to S*^. 

Note that the dual intersection complex of w~^{0) (resp. w'^lO)) is the same as that of 
w~^{0) (resp. w"^{0)). 

Proposition 1.28. The set of vertices of the dual intersection complex V^-i(q^ ofw~^{0) 
is 

(A' n M) U {u} 

where u represents Wq. The precise structure o/r^-i(-o) depends on dim A'.- 

(1) //dim A' <d—l then Tyj~i(Q-^ is the cone over N . Precisely, the simplices are 

{(u)} U {{vq, ...,Vp) \ Conv{t;o, . . . G ^} U {(^;o, . . . ,Wp,M) | Conv{wo, . . . ,Vp\ ^ 

In particular, r^„-i(o) is topologically a ball of dimension dim A' + 1. 
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(2) //dim A' = d then we have one simplex (u), one simplex {vq, . . . ,Vp) whenever 
Conv{fo, . . . , Vp} G one simplex {vq, . . . ,Vp,u) whenever 

Conv{i;o, • • • , Vp} G ^ and Conv{fo, • • • , Vp} ^ dA' , 

and two simplices {vq, . . . ,Vp,u) whenever 

Conv{vQ, . . . , Vp} G ^ and Convlt^o; • • • ? Vp} ^ c^A'. 

So topologically, F^-i^g) is obtained by taking two cones over A' and gluing them 
together along the boundary. In particular r^-i(o) is a d + 1-dimensional sphere. 

(3) //dim A' = d+1 then the simplices o/r^-i(-o) are 

{{u)}U {{vo, . . . , Vp) I Conv{t;o, ...,Vp} E ^} 
U{(fo, . . . ,Vp,u) \ Conv{t>o, . . . , Vp} G ^ and Convjfo, . . . , Vp} C dA'}. 
Thus r^-i(o) is again a d + 1-dimensional sphere. 
Proof. By Proposition \1.21\ the description of the vertices of r^„-i(o) is clear. Let 

^A' := {w G ^ I w C A'}. 

Clearly, for any cell u G <^^a' with vertices Vq, . . . , Vp, the toric stratum of X-£ determined 
by Cone(aj) is just /^^^ := Dl,^^ fl ■ ■ ■ fl D^^, hence {vq, . . . ,Vp) is a simplex in r^-i(o). To 
understand the remaining simplices, we just need to understand D^^ fl Wq. The family wt 
in Remark [1.251 induces a linear equivalence Wq ~ UueaA ^-v- Restricting this to yields 

v&dA 

We are interested in the number of connected components of this divisor class. Using the 
combinatorial description on the right hand side, this number can be read off from the fan 
of Di^. This fan is given by 

S(a;) = {(Cone(r) + R Cone(w))/M Cone(w) | r G ^, C r} 

in Mm/ (M Cone (a;)). For two polyhedra r C r' C (resp. in Mr), we choose any point 
X G Int(r) and write 

TrT = {c{v — x)\c e M>o, V G r'}; 

this is the tangent wedge to t' along r. Using this notation, we observe that the rays of 
S(a;) which don't correspond to a divisor D^j fl D^^j with v G dA span 

(TconcM Cone(A') + MCone(a;))/M Cone(a;). 

By standard toric geometry, the number of connected components of Wq H is the same 
as the number of connected components of 

(MM/MCone(a;)) \ ((TconeH Cone(A') + MCone(a;))/MCone(w)), 
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or equivalently, the number of connected components of \ T^^A'. 

This now gives the case-by-case description of r^-i(o). If dim A' < d—1, i.e., codim(A' C 
Mr) > 2, then Mjg \ T^A' is connected and non-empty for all co G ^a', so r^-i(o) is just 
a cone over A' as described in item (1) of the statement of the Proposition. 

If dim A' = d then, for u C dA' , \ T^A' is connected, and there is a unique simplex 
of r^,-i(o) with vertices u and the vertices of u. If w G ^^i^uj % dA' then \ T^^A' has 
two connected components. In this case, there are two simplices with vertices u and the 
vertices of u. This gives the description in item (2). 

Finally, if dim A' = d + 1 then if cu C 9A', there is again a unique simplex of r^-i(o) with 
vertices u and the vertices of u. On the other hand, if a; ^ dA' then in fact D^, fl D^^ = 
for all V G dA, so D^^ is disjoint from Wq. (Equivalently, Mr \ T^^A' has zero connected 
components.) □ 

2. HOMOLOGICAL MIRROR SYMMETRY AND (cO-)hOMOLOGY 

A discussion of the categories related to our construction has already appeared in 
|KKOY09] and |KalO] . We just quickly review the main ideas and apply these to the 
discussion of cohomology. Following |Orll] . to a Landau-Ginzburg model {X,w), we asso- 
ciate the triangulated category D''{X,w) which is defined as 

D'(^,^)= nDsing(^"'W) 

tGAi 

where Dgjj^g(ii;~^(t)) is the Verdier quotient of D''{w~^{t)), the bounded derived category of 
coherent sheaves on w~^{t), by Perf (u7~^(t)), the full subcategory of perfect complexes (i.e., 
complexes of locally free sheaves). For a non-critical value t of u;, we haveD^^g(u;-^(t)) = 0. 

The generalized homological mirror symmetry conjecture suggests that for mirror dual 
models (X^, w) and (Xg, w) given by our construction, there are equivalences of categories 

(2.1) D^(Xs, w) = DFS(Xg, w) 

(2.2) I)\X^,w)^I)FS{Xj,,w) 

where DFS(X, w) is the derived Fukaya-Seidel category of a symplectic fibration w : X ^ 
C. In general, the Fukaya-Seidel category FS(X, ty) is a conjectural Ao^-category at least 
part of whose objects are Lagrangians which are vanishing cycles over some subsets of the 
critical locus. It has been rigorously defined for the case where w is a Lefschetz fibration in 
|Sei01] as follows: Fix a non-critical value Aq of w;, and choose paths 71, . . . , 7„ in C which 
connect the critical values Ai, . . . , A„ of w to Aq. Parallel transport of cycles vanishing at 
Aj along 7j should give Lagrangian submanifolds of w^^{\o). These are the objects of the 
Fukaya-Seidel category. The morphisms are Floer complexes. Taking twisted complexes 
and idempotent completion finally yields DFS(X, w). 
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2.1. Equivalences for a smooth critical locus: Renormalization flow and Knorrer 
periodicity. It was pointed out to us by Denis Auroux that, if 5* = crit(u') is a smooth 
compact symplectic manifold, by standard symplectic arguments, FS(X2,u') can be de- 
fined. Moreover there is a natural full and faithful functor (f) : Fuk(5') — ?■ FS(Xg,ti;) 
given by mapping a Lagrangian L in 5* to the set of points in the suitably chosen fixed 
non-singular fibre which are taken into L under the gradient fiow of Re(w) for some fixed 
metric. This functor is expected to be essentially surjective when one restricts to 
a neighbourhood of S. In the following discussion, we assume this is the case. 

Note that DFuk(S') is a Z2-graded Calabi-Yau categorj^ and thus its Hochschild homol- 
ogy is Z2-graded and isomorphic to the Hochschild cohomology, see also the next section. 
By homological mirror symmetry, i.e., by (12. ip . D^{Xj],w) should also be a Calabi-Yau 
category. Indeed, the anti-canonical divisor of Xs is trivial, so by [LPllj . Thm. 4.1, the sub- 
category of compact objects is a Calabi-Yau category and it is expected that this generates 
the entire category. 

There is a suggestion of how to refine the grading in [SeiOSj . §8 for a genus two curve. 
It is currently unknown whether there is a general way to refine the grading in the cases 
relevant to us. 

For the complex geometry, let S = crit(il;) be given as a complete intersection in a toric 
variety as in §6.41 By |HW09j , Thm. 2 we have an equivalence 

(2.3) B''{S)=B\X,w,Z'') 

where indicates a Z^-grading given by the (C*) '^'-action on w~^{0) induced from the 
split vector bundle. The hypersurface case is also treated in |IslOj . [SliTT] . This equivalence 
is called renormalization flow in the physics literature. 

We assumed in ^that Pa is smooth. More generally, one wants to drop the smoothness 
assumption on Pa and work instead with a maximal projective crepant partial resolution 
Pa of a singular Pa as in the Batyrev-Borisov construction [BB94] . Assuming 5* is a 
Calabi-Yau manifold after such a resolution, it was shown in [HW09j . Thm. 3 that different 
choices of a resolution give non-canonically equivalent categories D''(S'). 

By [Or05],Cor.3.2, we have 

Proposition 2.1 (Orlov). Let S be smooth and quasi- projective, f,gE T{S, Os), x a coor- 
dinate on , V{g) C S smooth and f\v{g) non-constant then there is a natural equivalence 

D\Vig)J\vig)) = D\SxA\f + gx). 
In some sense (12. 3p may be viewed as a version of this for the case where f\v{g) = 0. 

^This notion was introduced by Kontsevich and means that this triangulated category supports a right 
Serre functor which is isomorphic to [d] for some d, where [•] is the shift endo-functor. 
^The Calabi-Yau assumption in loc.cit. can be dropped for this result. 
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2.2. Hochschild (co-) homology of a smooth critical locus. On the symplectic side, 
there are morphisms 

HHi_d(Fuk(S)) ^ Qff(5)-^Hff(Fuk(S)) 

where the left and right are the Hochschild homology and cohomology of the Aoo-category 
Fuk(S) and the middle one is the quantum cohomology of S. These are conjectured to 
be isomorphisms under certain conditions, see |Ko94j . |AF00j and for references with SH 
in place of QH see |Sei07j . |AblO] . |Gaj . For the following considerations, let us assume 
that a is an isomorphism. On the complex side, we have by the Kontsevich-Hochschild- 
Kost ant- Rosenberg theorem for the Hochschild homology and cohomology rings of 0^(5) 
respectively 

(2.4) Hff(5)= H''{S,/\'rs), 

p+q=i 

(2.5) HH,(5)= H'^{S,n^,). 

p-q=i 

In the classical limit QH*(S') becomes H^{S). Note that when S, S are smooth Calabi-Yau 
manifoldJ§, this gives a way of deducing the duality of Hodge numbers h'P'''(S) = /i'^~^'^(iS') 
from the (generalized) homological mirror symmetry conjecture if d = dimS* < 5. Given 
all the assumptions, we have 

.2 6) - HH,_,(Fuk(5)) 

^ ■ ^ = HH,_,(D^(5)) 

In higher dimensions one needs to add the information of a monodromy action. 

2.3. Hochschild (co-)homology of a singular critical locus. We discuss here the case 
where S is compact but very singular, e.g., where S looks like the mirror of a hypersurface 
S of positive Kodaira dimension. Given a Landau- Ginzburg model w : X C, hj 
[Orllj . Thm. 3.5, there is an equivalence of triangulated categories 

D''(X, w) = n MF(X, w-t) 

where MF(1V, w) is the triangulated category of matrix factorisations defined in loc.cit. It 
comes with a natural differential Z/2Z-graded enhancement MF'^^(iy, w) (see [Orllj . Rem 2.6) 



^Calabi-Yau means for us in particular /i°''^(S') = h''(S'^) for d = dimS*. 
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which is needed in order to define its Hochschild homology and cohomology. By |LPllj . 3.1. 

for z = 0, 1, we then hav^ 

HH^'(D'(^,^))= tf(x,(A-rx,..j) 

k=i mod 2 k=i mod 2 

where Ldw denotes contraction by dw. According to |LP11] . 3.2 one also expects 

(2.7) HHfc(D''(X,«;))= M^X, {n]„dwA)). 

fc=jmod2 A;=jmod2 

In fact, one desires a Z-graded enhancement of MF(1V, w) instead of a Z/2Z-graded one in 
order to be able to "remove" ©fc=jmod2 from the above equalities. However, note "remov- 
ing" cannot hold literally. For example, for the setup of (12. 3p . (12. 7p becomes (12. 5p . The 
right hand side of (12. 5 p involves individual Hodge groups. On the other hand, in the coho- 
mology of the sheaf of vanishing cycles, appearing on the right hand side of (12. 7p . we can't 
identify this splitting. Assuming the generalized homological mirror symmetry conjecture 
holds for a mirror pair {X-^,w), {X-£,w) of our construction in ||T] (i.e., with S = crit(w) 
smooth) we deduce for z = 0, 1, 

(2.8) H\S,C)= M'-'iS^J's) 

k=i mod 2 k=i mod 2 

by using (12. 6 p on one side of the mirror pair (unlike in the Calabi-Yau case where it applies 
on both sides) and combining it with the functor from the beginning of H2.1\ with (12. 7p 
and Thm [0?T1 In fact, we prove a much stronger result in Thm. 10.21 This suggests there 
might be a more refined version of homological mirror symmetry in this situation. 

2.4. A conjecture on the Hochschild cohomology. In the light of the previous discus- 
sion, the calculations of this paper really only represent half of what one should expect, in 
the following sense. Except for the Calabi-Yau case, we expect that the Hochschild homol- 
ogy and cohomology of 0^(5*) differ; e.g., the (co-) homologies generally differ in the Fano 
case. However, (12. 8p only deals with the Hochschild homology. We also wish to identify the 
relevant Hochschild cohomology group of D^{S) on the singular mirror S. Since DFuk(S') 
is a Calabi-Yau category and therefore Hochschild cohomology is isomorphic to Hochschild 
homology, this cannot be understood from (12. ip . but we should look at (12. 2p instead. How- 
ever, as mentioned before, there is no known construction of FS(Xe, w) or a conjecturally 
equivalent category Fuk(S', J-'^). Furthermore, we don't know how to relate this to a ver- 
sion of quantum cohomology for {S,J^§). Despite this being all rather speculative, we still 
have some evidence that the cohomologies match up. In fact, we conjecture 



^As mentioned in the introduction of loc.cit., the requirement of a single critical value as assumed in 
loc.cit. can easily be removed in order to get the result stated here. 
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Conjecture 2.2. For S, S the singular loci of w ^{0),w ^ {0) for a mirror pair of Landau- 
Ginzhurg models as constructed in [|2l we have 

As evidence for this conjecture, note this holds when is a curve. Indeed, we have, for 
g >2 the genus of 5, 

HH°(5) =i7°(5, Os) = C 

RR\S) =H\S, Os) © H%S, Ts) = 

HH2(5) =H\S,rs) = C^^^^- 

Assuming that 5* is defined as a hyperplane section of Pa for A satisfying Assumption 
11.4^ then it is standard that g is 7^Int(A) fl M = fl M. Now S is connected, so 
if°(5', C) = C = HH°(5'). The curve 5* is a union of rational components, but it is easy to 
see that its intersection complex is a graph of genus g, and thus H^{S, C) = O = HH^(S'). 
Finally, 

H^{S C) — irreducible components of S 

/^From the combinatorial description of S from Prop. 11.281 one sees that this number 
of irreducible components is e + 6, where e is the number of edges e of fl A' and 
b := 7^(9A'nM. Note that b is also the number of edges of ^flA' contained in dA'. Let / 
be the number of two-dimensional cells (standard simplices) in ^ fl A'. Then the area A 
of A' is f/2, but by Pick's Theorem we also have A = z + 6/2 — 1, where i = #Int(A')nM. 
Also 1 = = {b + i) — e + f, where x denotes the topological Euler characteristic 

(using compactly supported cohomology). /^From these two equations one calculates that 
e + b = 3{i + b) — 3 = 3g — 3, as desired. 

We have also checked that Conjecture 12.21 holds when S* is a quintic surface in P^. 

3. Hodge numbers of hypersurfages in projegtive torig varieties 

In this section, we recall the results of Danilov and Khovanskii about the Hodge numbers 
of a regular hypersurface in a non-singular toric variety. We will later compare this with 
the Hodge numbers of the mirror of such a hypersurface. 

We recall: 

Definition 3.1. For a variety X, one defines the {p, q)-th and p-th Hodge-Deligne numbers 

eP'i{X) = J^i-'^yh"'" H'ciX, C), 

i 

q^q' + k 

eP{X) = ^eP'''{X) (-If ^(-l)'?'/iP''?'+*^ifP+'''(X,C). 

q q',k 
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Figure 10. The Hodge diamond of S 



We fix a polytope A C Mk as usual with dim A = dimMig = d + 1 and assume that it 
comes with a polyhedral decomposition ^ into standard simplices. We also assume that 
Pa is a non-singular toric variety. Note that Pa comes with the ample line bundle Op^{l). 
We pick a general section of this line bundle, defining a non- singular hypersurface S in Pa. 

Proposition 3.2. (1) h'P''^{S) = unless p = q or p + q = d. 

(2) For T G let A(r) be the minimal face of A containing r. Then 



q rCA 



^ ^\dimT 

(3) For 2p > d, 



(dim r 
P+\ 

(dim A(r) — dimr 
p+l 



and 

I dim A(r) — dimr 



Proof. This is just rewriting formulas of |DK86] . 5.5. We begin with 
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Here the sum is over all faces r (resp. u) of A, and 



with l*{juj) the number of interior integral points in ju. Using we can compute this as 
follows. 

fj - I 

If r is a standard z-dimensional simplex, then /* (j'r) = 1 . Thus, if w is a face of 

V ' 

A, we have 

We insert this in the above expression for ipiiu) and apply Prop. lA.ll fl) to get 



dim r , 



r+l 



res' 



dim u — dim r 

dim uj + 1 — i 



and we conclude (2). (1) follows from the Lefschetz theorem proved in 3.7 of |DK86] . 
and the formula for h^'^ in (3) follows from that Lefschetz theorem and |DK86j . 2.5. The 
formula for h^^'^-P^S) then comes from (2) and the fact that (-1)^6^(5) = {-lyhP^'P^S) + 

The statements of |DK86j . 1.6 and 1.8 give: 

Theorem 3.3. For X = UjXj a disjoint union and X,Y, Xi varieties, we have 

(1) eP'^X) = Eie^'^(^i). in particular eP{X) = J^i^^iXi), 

(2) eP'^X xY) = ^pi+P2=p ePi''?i(X)eP2'92(y)^ ^ particular 

eP{X X F) = Y.k^^~^{^)^^^)- 
We give a proof of a lemma that we will need later: 

Lemma 3.4. Recall a handlebody is the intersection of a general hyperplane in P'^+^ 
with (C*)'=+^ We have cP'^H'' x {C*y) = for p q and 



p+l I \P+l 



Proof By |DK86j .l.lO. eP'«((C*)') is zero for p ^ g and ef'P((C*)0 = (-1)^+' yj. Note 
that if H denotes a hyperplane in P'^+i then we have the motivic sum H = [J^^g | " ~'~ ^ j iJ*. 
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Since H = P^, by induction over k using Prop. lA.lK l). we get e'P''^{H^) = for p ^ q and 
eP'P{H^) = I ) . The product formula Thm|331(2) yields 





Pi>0 

and the assertion follows from Prop. IA.lt (2). □ 

4. The mixed Hodge structure on the cohomology of the vanishing cycles 

We review the notion of the sheaf of vanishing cycles from |Del73] and the Hodge struc- 
ture on its cohomology as given in |St75] . |PS08] . 

4.1. Vanishing cycles of a semistable degeneration. We fix a proper map f : X ^ O, 
where O is the unit disk and / is smooth away from /~^(0). Consider the following diagram: 




Here Y is the fibre over e O, i the inclusion, X* = X\Y, O* = 0\ {0}, O* the universal 
cover of O* and X* = X* Xp* O* the pullback of the family X* — )■ O* to O*. The map 
is the inclusion and the map k the projection X* — > X* followed by j^. 

Definition 4.1. The functor ipf : D^{X,'L) — > D^iY^T) from the derived category of 
sheaves of abelian groups on X to the derived category of sheaves of abelian groups on Y 
is defined by, for F E D+{X, Z), 

^f{T) = t'^Rk,{k-\T)). 

This is the sheaf of nearby cycles of J-". There is a natural map 

sp : r^J' ipf{J^). 

The cone of this map in D^{Y, Z) is (f)f{J^), the sheaf of vanishing cycles of J-". 

For a complex of sheaves J-", we denote by the i-th cohomology sheaf of the 

complex, and put§ 

If : X — )■ C is a proper map to a Riemann surface C and p G C, we denote by ifjg^p 
and (pg^p the above functors on the category of complexes of sheaves on g~^{0) for a disk 



Note that commutes with i ^ smce X retracts to Y. 
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O centered at p, small enough so that p is the only critical value of (7 in O. Clearly, the 
image of the functor is independent of the size of the disk. This now explains the notation 
of Theorem lO.li 

Theorem 4.2. Let f : X O he a proper morphism over a disk O, and suppose X C X 
is an open subset such that, with D := X \ X flat over O, Y = /~^(0), DUY is a reduced 
normal crossings divisor. Let : X ^ X be the inclusion and 

Ny Nd 

Y = \jYi and D = [jDi 

i=l i=l 

be the decomposition into irreducible components. We define the sheaf on X 

Ny 
i=l 

where Cy- denotes the (push-forward of) the constant sheaf on Yi with coefficients in C. 
We define Co. and Coi similarly. We set 

Cyiyji)! ■= coker ^Cy Cyi © C^i j 

where Diag is the linear map sending 1 to p with pi = 1 for 1 < i < Ny. Then 

(1) i?'?^;(Rjf Cx) = A'C'^iUD- 

Under the additional assumption of 

(4.1) Sing(F)nD = 0, 

we have 

(2) WcpfCRj^Cx) is supported on Sing(F) for q > 0, 

^fq = 0■, 

iUDiln-D if(i>^, 
(4) R^fiRjXx) = R'MCj^) for q > 0. 

Proof. For f/ C X a small neighbourhood of a point p in Y, since YUD is normal crossings, 
U\{Y U D) has the homotopy type of (5'"'^)'"^ x (5^)"° where nY,n£, are the numbers of 
irreducible components of Y, resp. D, passing through p. We use the Eilenberg-Moore 
spectral sequence to translate the Cartesian square 

U k-\U) 

f 

O 0* 



(3) C 



X 
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into cohomology. It degenerates to the generalized Kiinneth formula 

where the map if*(S'^,Z) = Z[a;]/x^ — ?■ i/*(]R, Z) = Z is given by sending x t— )■ and 
H'{S\Z) i7*((5i)"^x(5i)"o,Z) = (Z[y]/y2)®"y {Z[d]/d^)^''^ is given hy x ^ p = 
J2Zi 1®^'"^^ ® 2/ ® i®ny+no-i_ Rewriting yields 

and proves (1). Part (2) follows from the fact that the adjunction i'^Tij^Cx "^/(R-j^fCx) 
is a quasi-isomorphism outside of Sing(y) which can be seen from (1). Part (3)-(4) follows 
from the fact that — R-J^PCx is a quasi-isomorphism away from D. □ 

Example 4.3. Applying this to the case of w : w~^{0) — )■ O, we take D = \ Xg. We 
note that Cyi^^i |^-i(o)nXj, is Cs, where S = DqH Wq, in the notation of Proposition 11.81 
is a hypersurface in Pa- Thus 



if g 7^ 1; 
Cs ifg = l. 



^Prom this we conclude that 

(4.2) (^-1(0), (j)^{RjXx)) = H^-\S, C). 

Most useful for the next sections is Thm. 14. 21 (4) because it enables us to work with the 
vanishing cycles of a compact degeneration which involves slightly less technology. 

4.2. Mixed Hodge structure. Our goal in this section is to define a mixed Hodge struc- 
ture on the hypercohomology groups of (pfCx- To do so, we shall identify a cohomological 
mixed Hodge complex whose C-part is quasi-isomorphic to 4>fCx- 

The notion of a cohomological mixed Hodge complex is due to Deligne [DelTH] . HI. We 
will always ignore the Z-module structure of these complexes, and will only be concerned 
with Q-module structures. Moreover, we restrict ourselves to normalized ones in the sense 
of jPSOSj . Rem. 3.15, i.e., with an explicit comparison pseudo-morphism /3 given as 

(4.3) (/C^, W) A i'lCl, W) A (/C^, W, F) 

where (32 is a filtered quasi-isomorphism and Pi become such after tensoring with C. A 
map of cohomological mixed Hodge complexes is a map on all three terms compatible with 
the Pi. 

Recall that to a filtered complex of sheaves K* on a topological space with increasing 
filtration W one associates a spectral sequence E,{K', W) with 

(4.4) El'\K\ W) = eP+«(Gr^pi^*) HP+«(i^*). 

To apply this to a complex with decreasing filtration F*, one sets Fn = -F~". 
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Lemma 4.4. Let : /C* — t- £* given by 

4^ ^ 4^ 

&e a ma;) of cohomological mixed Hodge complexes which induces 

(1) an injection (resp. surjection) upon applying Grp'Gr^, 

(2) an injection (resp. surjection) upon applying Ei{-,W) 

then coker(0) (resp. ker(0) j naturally is a cohomological mixed Hodge complex. 

Proof. We only prove the statement for coker(0) since ker(0) works analogously. We first 
show the degeneration of E, (Gi^ C/K,, F) at Ei for which we only need assumption (1). 
We have a commutative diagram with exact rows 

M'=(GrirGr^£*) ^ M'=(Gri. Gr'^''(£//C)*) ^ M^-+i(Gri. Gr^ /C*) 

^ M'=(Grf Gr^ C) ^ H'=(Grf Gr^ConeM(0)*) ^ W'+^Grp Gr^ /C*) ^ 

where ConeM(0) denotes the mixed cone of as in [PS08] . Thm3.22 and the middle vertical 
map is induced by /C'[l] ©£•—)■ (£//C)' which is the natural map factoring through 
the projection to C. The zeros on the left and right of the bottom row arise because 
the sequence defining Cone a/ (0)' as an extension of C and /C*[l] splits after applying 
Gtw- a diagram chase shows the surjectivity of the middle vertical map. Since this 
map comes from a map of filtered complexes, it is part of a map of spectral sequences 
£;.(Gr^ConeM(0)*, F) E,(Gr^(£//C)*, F). The surjectivity at Ei and the degeneration 
of the first at Ei implies the degeneration of the second at Ei. 

The first row in the above diagram extends to a long exact sequence where we may 
interchange H* and Gr^T^ in each term. From this and |DelTH] . II. Prop. (1.1.11). (i). it 
follows that the maps in the long exact sequence 

> e'=(Gr^/C') ^ M'^iGi'^C') (Gr^(/://C)*) ^ ■ • • 

are strict with respect to F. By assumption (2), the connecting homomorphisms are 
all trivial and this long exact sequence splits in short exact sequences. The strictness 
implies that we have an isomorphism of filtered vector spaces (El'^(Gr^£*)/ im(0),F) — 
(EI*^(GrJ^(£//C)*), F). Since the first is a Hodge structure of weight k + l, so is the second. 

□ 
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We assume the setup and notation of §4.11 as given in Thm 14.21 In addition, we denote 
by Y'' the normahzation of 

ji<---<'tfc 

and by of the projection — )■ X. We are going to recall the construction of the mixed 
Hodge structure on the hypercohomology of (j)f{Cx) following [St 75] . |PS08] . This is done 
by giving a map of cohomological mixed Hodge complexes resolving i~^Cx — > ^/Cjf. 
Taking the mixed cone, we will then obtain a cohomological mixed Hodge complex resolving 



X = Cone(Cx|y — j- ipfC 



X)- 

We have the increasing filtrations defined on Vt*^ (log Y) by 

Wln\{\ogY) = n\{\ogY)^n^r\ 

Moreover, there is the Hodge filtration 

F^n\{\ogY) = nf\\ogY). 

Consider the double compleji§ 

j^P,<, ^ n^p+\\ogY)/Wj^fp^\\ogY). 

The first differential is the exterior derivation and the second differential is given by wedging 
with dlog/ = /*dlogt, i.e., we fix a coordinate t of O. For a double complex C*'*, we 
denote the total complex by C* . We have three filtrations on A* given by the rules 

(4.5) WuA^= Wl^,^,n'p^\\ogY)/W^n^p^\\ogY) 

p+q=r 

and respectively in terms of the filtrations on A"' and Q^^'^'^^ (logY) /W^ Q^^'''^^ {\ogY) 

p+q=r p+q=r 

We have F^A'^' = A*^'"''. The injection dlog /A : n^^^^{\ogY) ® Oy ^ A^'" turns A*'* 
into a resolution of ^^^^(logF) ® Oy- 

By [St75j . Thm4.19. A* is the C-part of a cohomological mixed Hodge complex. There 
is an endomorphism of this double complex u : A^'"^ — > simply given by the natural 

projection modulo We have logT = 27rzz/ where T is the monodromy transform on 

cohomology, see |PS08j . Thm 11.21 and Cor. 11.17. We have ker(i/)' = A* with the 
filtrations W and F induced from A'. The injection 



(4.6) = W^^^^, F'^ = 



sp : ker(i^)' A* 



'^Note that we adapt to the orginal notation by Steenbrink |St75j . The two indices p, q are swapped in 
[PS08] . 
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is bifiltered. By |PS08] . §11.3.1. ker(i^)* is a cohomological mixed Hodge complex com- 
puting H'{Y,C). A useful description for the rational structure for A* was given in 
|PS08] . 11.2.6 using lUusie's Koszul complex giving a (normalized) cohomological mixed 
Hodge complex {C',A',I3). The inclusion of gives an bifiltered injection of cohomo- 
logical mixed Hodge complexes 

sp : iW^C\W^A\W^f3) ^ (C",A-,/3) 

whose cokernel we denote by (C**, A*, (3). 

Theorem 4.5. (1) We have an exact sequence of cohomological mixed Hodge complexes 
^ (^w^C, W^A', W^f3) ^ (C, A', (5) ^ (C", A\ ^) ^ 0. 

(2) The inclusion A* — )■ A* is isomorphic to Cy — )■ ip/Cx in D^{Y, Z) and thus A* 
is isomorphic to This gives a mixed Hodge structure on ff(F, 0jCj^), and 
the sequence in (1) turns the long exact sequence 

> H\Y, C) ^ W{Y, i^fCx) W{Y, (PfCx) H'+\Y, C) ^ ■ ■ • 

into an exact sequence of mixed Hodge structures. 

(3) We have Gi^ W{Y,i/jfCx) = Grf W{Y,(j)fCx) for k>2. 

Proof. Part (1) follows from Lemma 14.41 and what we said before. The first part of (2) 
is given in the discussion after Theorem 11.28 of |PS08] . the remainder of (2) is standard 
given (1). Since Y is compact, by |DelTH] . HI. 8.2.4. we have hP'''H''{Y) = for p + g > z. 
This implies (3). □ 

Remark 4.6. There is map a of cohomological mixed Hodge complexes ConeM(sp) — )■ 
(C", A*, 13) as is in the proof of Lemma [4. 4^ however it is not a filtered quasi-isomorphism 
even though it induces an isomorphism of mixed Hodge structures. The latter is cohomo- 
logically "more efficient" which is why we are using this rather than the cone. 

Lemma 4.7. We consider the spectral sequence of [A*, W), with 

(4.7) ^-k,m+k . ^m^^^ ^ ]srix, A'). 

We have 

(1) The sequence ( [y^. 7] ) is degenerate at E2. 

(2) The Poincare residue map along Y induces an isomorphism 

Gt^A'= GTll,^,n\{\ogY)[l] ^ n'y,,,,,.[-2q - k]. 

q>-l,-k q>~l,-k 
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(3) We thus have 

where {■) denotes the Tate twist. 

(4) The map di in i4.1\) is given by di = 6 — '~f where 

is the restriction map given as 



3 

7 : H\Y\ C) ^ q 

is the Gysin map, i.e., the Poincare dual of 5. 
(5) We have Poincare duality for ( [^. 7| j, i.e., if we set n = dimX, m' = 2n — m — 2, 
k' = 2 — k, we have an isomorphism 



J-^—k,m+k / 7-1— fe' m'+fc' / \n* 

^1 = 1^1 WJ 

which is compatible with the respective differentials d^ and di . In particular, it also 
holds when we replace Ei by E^o- We obtain 

(6) We have Poincare duality for Ei{A*, W) which yields 

hpm\Y,^fCx) = h'^'"^^-P''^''^^-m^'^'"'^-\Y,^fCx). 

Proof For (1) and (2), see, e.g., jPSOS] . Thm. 3.18 and §4.2, respectively. By dH]), F' Grf A' 
becomes F^~'^~^ on the right hand side of (2), thus the Tate twist in (3) becomes clear. 
We deduce (4) from |PS08] . §11.3.2. p. 280. For (5), we apply Poincare duality to each 
summand in (3). For Z a compact manifold, Poincare duality means 

W{Z,C) = Hom(ij2<^'"^^"X^,C)(dimZ),C). 
Using dimy* = n — i, one remodels the resulting sum 

^-k,m+k ^ ^ ^2n^2~m~2g~k^Y^g+k+l^ C){n-q- 1))* 
ij>-l,-fc 

by replacing m, k, q by m', k' and q' = q + k — 1. Part (6) goes along the same lines as 
(5). □ 
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black = (j) 
5rey= li;J 
grey&;black= '(p 




Figure 1 1 . The Ei term with respect to the weight filtration of the spectral 
sequence of the cohomology of the special fibre, nearby fibre and vanishing 
cycles for the case of a degeneration of a compact threefold, with odd coho- 
mologies indicated by dots. 

5. The Hodge numbers of the mirror 

Given M, A^, M^, A^^, A C M^, a star-like triangulation ^ of A consisting only of 
standard simphces, we obtain data 

W.Xy.^C 



with compactifications 



given by Propositions 11.101 and 11.81 respectively. We choose a small disk O C C C P^ with 
center G C which does not contain any other critical values of w or w, and consider the 
restrictions 

w : w-\0) O 
^ : tL~\0) O 

In the two cases, we have inclusions of open sets 

f ■.Xj:nw-\0)Cw-\0), 

■.x^n^-\0)c^~\0). 

We have already identified m'^{w~\0), 0^(Rjf Cx^)) with H^-^S, C) in Ex. SSI It is not 
hard to see that the usual Hodge structure from the Kahler manifold S and that from the 
vanishing cohomology construction, as given in the last section, coincide on if^^^(5', C). 
We can compute its Hodge numbers via the formulae in Prop. 13. 2[ 
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We are now going to compute the Hodge numbers of ^(^^"^(O), 0tu(Rjf Cx^)) in order 
to compare it to the former and to prove our main result. We apply the construction of 
the last section and use its notation, i.e., X = w~^{0), X = H X, w : X ^ O, 

Ny Nd 

Y = w-\0) = [jYi and D = X\X = [j Di. 

i=l i=l 

Indeed, by Lemma [1.21K 3) and simpliciality of S, F U -D is a normal crossing divisor. 

In the definition (10. 5p of the Hodge numbers for S, we throw out the information related 
to the weight filtration. Despite this, it is worth noting that the monodromy around in 
the fibration defined by w is related to the Kodaira dimension of 5". 

Proposition 5.1. The logarithm of the monodromy v operates on the hypercohomology 
of the vanishing cycles of the central fibre of w. Let m be the maximal integer such that 
i/"^ ^ on cohomology. We have m < n{S) and the following are equivalent: 

(1) m = dim S 

(2) S is of general type (i.e. k,{S) = dim 5^. 

Proof. By Prop. [TT28] and Prop. [LT5| the dual intersection complex of w~^{0) is a (k(S') + 1)- 
dimensional ball for k{S) < dimS* = d and a. {d + l)-dimensional sphere otherwise. This 
means that the largest k such that 7^ is ^(5") + 2. Knowing the operation of u 
on the expression given in Lemma I4.7K 3). we conclude m < k,{S) which shows that (1) 
implies (2). For the converse, we need to show that the isomorphism : E[*(Gr^^ A*) ^ 
M'iGrY.d^'), which is just id : H^iY'^+^) ^ H'^{Y'^+^), descends to a non-trivial map on 
cohomology with respect to di. This map is 

Hd^i^'^) : ker(-7 : H^V^^^) H^V^^^)) -> coker(5 : H^V^^^) H\Y'^+'')). 

Since the intersection complex of tf~^(0) is a + 1-sphere, source and target are one- 
dimensional. Moreover, since 7 is Poincare dual to 5, it follows from the linear algebra 
property ker(/)-'- = im(/*) of a linear map / and the identification of H^iy^^^) with its 
Poincare dual (turning it into an inner product space) that Hd^{v'^) is an isomorphism. □ 

We now proceed to the main calculation. Motivated by Def. 13.11 we set 

q,k 

= (-l)P^(-l)«/iP+i'9+'=HP+i+'?(F,A*). 

q,k 

Recall that Wq is the component of w~^(0) which is not contained in any toric stratum 
of Xs, i.e., the unique component of Y which meets D. Let F^oj. C be the subset 
of those components which are not contained in Wq and Y^^^^^. = Y^ \ Y^^^. Note that 
^ntor = ^0- For r G <^^, we denote by <^^*(r) the smallest cell of ^* containing r and by 
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Tt- = (([;;*)'^+i-dimT ^YiQ torus orbit in corresponding to Cone(r). Analogously, we define 
Tj. to be the torus orbit corresponding to r G Let .^^a', '^sa' and denote0 the 
induced subdivisions ^flA', ^^nd^' and .^^nSA. Let <^^|a' denote the subset of vertices 
of S^dt^i. For uj G S^i^i, let denote the toric variety defined by the fan along uj. Note 
that dimF^ = + 2 - A; and dimX^ = + 1 - dimw, thus C ydimo^+i^ 

Lemma 5.2. We have 

(1) F'^ = Yt u Ftor' n 1^0, i-t; YLr = Yt' n Wo, 

(2) 'i^tor = II '-eS^A' ^oj, 

fc — dim u>-\-l 

(3) X^ = Y[.e^T,foruje^^^,, 

(4) n 1^0 = (C*)<^*"^^*M-'i"^" X (T^,(,) n W*) /or tE^. 

Proof. (1) follows from Prop. 11.281 and (2)-(4) are standard in toric geometry where (4) 
uses the fact that w factors through X^. — ?■ X^.^ ■ □ 

5.L The duality for the p-th Euler characteristic. 

Lemma 5.3. (1) For t C A', we have 

(2) For a polytope r with a simplicial polyhedral decomposition we have 

^ -j^^diiiiT ^ ^ ^ j^^dimo; 

(3) Let Tie dA, T2 C dA with ^.(n) C rg. We set 

^rur, = {r G n aA = n, r n AV 0, iplA'r\^*ir)) = r,} 



and have 

(_l)dimn 

^*{ri)^T2. 



r6 



Proof. (1) This is an Euler characteristic calculation. Following the notation of Lemma 
11.191 let f G Sa' be the cone dual to the face r. Let f' denote the inverse image of f under 
the projection — > Xk/A'"'". Then u G P~^^i{t) if and only if the corresponding cone 
cj G Sa satisfies u (1 f' , u ^ Of' . Then 



^ (_l)dim^ = ^(^/) _ ^(5^/) = 1 _ (1 + (_l)dim.'-l) ^ 



dim f 



10 



We take 9A' in the topology of A, e.g. 9A' = A' for dim A' < dim A. 
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Since dim u = dim A — dim u and dim f' = (dim A — dim A') + (dim A' — dim r) , the desired 
result follows. 

(2) As above, this is just a computation of the Euler characteristic of r \ dr. 

(3) The proof will use Mobius inversion and be a variation of the proof of Lemma 3.5 
in |KS10] . Recall that for any finite poset B, the incidence algebra consists of Z- valued 
functions on {{a,b)\a,b G B,a < b} with the associative convolution product 



{f*9){a,b)= f{a,x)g{x,b). 



a<x<b 

Its unit is 5 which is non-zero only on {(a, a)\a G B} where it takes value one. If C denotes 
the function which is constant of value 1, then the Mobius function is its inverse, i.e., 

(5.1) 5 = C*/i- 

We set B = {0} U B and let < a for all a & B. For any function /i : S — )■ Z, we define 
h : B X B ^ 7j as h{a, b) = h{b) for a = 0, 6 G -B and /i(a, 6) = otherwise. Multiplying 
(15. ip from the left by h and restricting to {0} x B yields 

(5.2) h{b) = n(x,b)g{x), where g{x) = h{a) 

x<b a<x 

because g = h*(. We apply this to our setup. First note that by Lemma [1.1 7K 3). we have 
for r G <^ that 

rn AV ^ rnlnt(A) ^ 0. 

We pick t[ G ^aA, h G with n C t[ C fa and fa fl Int(A) (ll. Let ^{f^ denote the 
induced subdivision on fa. The link of t[ G ^\t2 is contractible and thus 

^ ^ ^ j^^dimr— dimr| — 1 

and hence 

J2 (_l)dimr+l _ Q 

We think of this as the value of the function g aX t[, where g is defined in (15.21) using the 
poset {t{ I r{ G =^3^|f2, r( C dA, ti C r(} under reverse inclusion and the function 

Hr[) = Yl (-1)^^^°^^+^ 

We then obtain as an expression for h{Ti) the identity 

(5.3) Yl = 0. 

Te^|f2,-rn(9A=Ti 
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Next consider the poset B = {f2 \ 1^*{ti) C f"2, 7^2 fl Int(A) 7^ 0} under inclusion which has 
a global minimal element 60 = Paa('^*(^i))- define g : B x B ^ Zhj 



g{bo,h)= Yl (-1: 



dim r+1 



Tnliit(A)7^0 

which agrees with (— 1)'^™'^! by (15. 3p . and we set g{a, 6) = for a 7^ bo. We are interested 
in 

J2 (_l)dimrH-l ^ ^ (^*^)(6o,f2) 

TnInt{T2)5^0 

for f2 = Paa'I'^s)- However, on {bo} x fi, we have g = (— l)'^"^^^^. By (15. ip we thus get 

/i(6o,r2) = (-lf°^^^5(6o,r2) 

which completes the proof. 

□ 



Lemma 5.4. For r G /ei T^- denote the corresponding torus orbit in X^. We have 

d + 1 — dim r 
P 

Moreover, for r ^ dA, we have 



-l)PeP(T,) = (-1 



id+l— dimr 



T,p- 



i/ere, A^- p = if t ^ dA' and otherwise 

A _ Sr ( 1 ^dim^,(T)-dimr+d+l-dimf I / dim f — dim T 

dim (r) — dim r 
p+ 1 

Before we embark on the proof, note that the most simple form fl Wo could have 
is a handlebody, i.e., the intersection of a general hyperplane with the open torus in the 
projective space. This occurs for dim !^^{t) = dimr and Ar,p = in the above lemma. A 
slightly more complicated shape of T^. fl Wo is given for dim ,^*(r) 7^ dimr and A^^p = 
where it is a product of a lower- dimensional handlebody with an algebraic torus. Finally, 
At-^p 7^ accounts for a Tt-CiWq which is a product of an algebraic torus with a decomposition 
of handlebodies rather than with a single handlebody. 

n 



Proof By Lemma [331 we have eP((C*)") = ( ) . Since dimT^ = d + 1 - dimr. 



this proves the first statement. Note that Tj. fl Wo = if dim <^^*(r) = d + 1 because T^^ 
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is a point in that case. So we may assume that r ^ dA and dim ^*(r) < d+1. By Lemma 
IE2l(4) and Thm.|331(2), 

p 

k=0 

By |DK86j .4.4. for p > 0, we have 

(5.4) e^(T^.(.) n 1^*) = (-1)^+"^-^ (^^"^^ ^ j + (-1)-- Va.-p(A^,M) 

where Qr = d + 1 — dim<^*(r), A^^(^) = Newton (T^^ (7-) fl Wq) and is defined as in 
the proof of Prop. 13.21 For <^3^*(r) (t A', by Lemma IL19l (3). we have that A^,(^) is 
a a^-dimensional standard simplex and thus y9j(A^^(^)) = for i < a^. In this case, 
n W^o = H"--^ X (C*)dim5^.(r)-dimr^ Prop. |331 givcs the resuh. The case r C ^A' 
is similar, with the first term on the right hand side of (15. 4p giving the same contribution 
as the previous case, and an additional possible contribution from _p (A (,-)). We 
compute this term using Lemma [1.191 and the formula for 99 j given in the proof of Prop. 13.21 
as follows: 



-ir^e'=((C*)^^-^*W-'^'-n(-l)''^~Va.-p+.(A^,(. 



A:>0 



/dim^,(r) - dimrA ^ f ar - {d + I - dimf) 

^\ k I f-^ ^ ' ' \ar + l-{ar-p + k) 



fc>0 



where (— 1)™^.^ = (^_]^)p(^_x)'=+<ii™'^*('^)~<ii™'^(— l)'*T~i+'^^-p+*^+('^+i-di™^)+i simplifies to 
rriT-^T = dim<^3^*(r) — dimr + [d + 1 — dimf). To obtain Ar^p, we need to subtract the 
k = p + 1 term from the above which is 

/ dim ^*(t) — dim r 



E (-1) 



\ p+ 1 



Using Prop. IA.lt (2). yields as given in the assertion. □ 
Recall from the introduction that = (pyy^QUj^^Cxl^] where the filtrations are shifted 

by 

This implies 

Lemma 5.5. /i^-W (5, J'^) = hP+^''J+^m'+\Y, (p^^oRjXx)- 
Theorem 5.6. We have that 

(1) Poincare duality holds for h'P''^W'{S,J^g), i.e., 
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(2) er'{S,Ts) = E.,,>oi-^y^'e''~Ky'^'^')' 

(3) e^{S) = {-ire^~nS,J^s)- 

Proof. (1) Using Lemma [4.7^ (5). we get 

^ ^d+2-(p+l),d+2-(g+l)]gj2d+2-{j+l)j^y-^ ^.-j ^ ^d-p,d-q-^2d-i 

(2) The Euler characteristic can be computed as an alternating sum of dimensions of 
the terms in the Ei term of i\A.7\i . We use Lemma [4 3) to get 

(-1)^6^(5, J-^) 

q k 

= ^(-l)'?^/iP+^'«+'=H?'+i+''(X,Grf A') 

q k 

= ^(_1)</ ^ ^ /,P+l,<?+fc ^{p+l+q)-2q'-k^Y^q'+k+l^ _ 

q k q'>~l,-k 

^ ^(•_]^^</^ ^ f^p+l-q'-k,q-q' ^Y'^q'+k+l-^ 

q k q'> — l,—k 

Note that {(g', > —1, —k} and {(j, 1 + i — J > 0} define the same subsets of Z^, 
we may thus reorganize the sum via k = l+ i— j,q' = j to get 

q>0 i,j>0 
— ^_]^^P-i+igP-«^y2+i+j^ 

i,j>0 

(3) By (2) and Lemma [5.21 (1). we have 

ij>0 
i,j>0 

Using Lemma 15. 2[ (2) and setting 2 + i+j = dim a; + 1 in the first and 1 + i + j = dim a; + 1 
in the second sum allows us to continue the equality as 

A" A' 0<i<dimc^ 
0<i<dim U} — 1 
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and by Lemma [5.21 (3). as 

uiCrnA' uiCrnA' 
0<i<dimtj-l -l<i<dimu-l 

Note that, using Prop. lA.H (l). for any simplex r and i > — 1, we have 



(_l)dima; ^ (^_iy /^dim T + A ^ f dimr 



ujCt j=i-\-l 
dim LL'>i+l 



u+l 



which we insert above to have 



, , 0<i<dimTnA'-l 

-l<i<dimTnA'-l 

We apply Lemma [5.41 and Prop. IA.1| (2). and obtain 

(-l)^e'^-P(5, J^s) = Ci + C2 + Ca + ^4 

where 



= E (-1) 

TnAV0 
C2= ^ (_l)dimr 

^ ^ ^ j^^dimr 



rnAV0 



diiiiT+i I d + 1 — dim r + dim r fl A' 

+ 1 



TnAV0 

dim Sf, {T)<[i+1 



d + 1 - dim r + dim r fl A' 
d-p+1 

(dim <^3^* (r) — dim r + dim r fl A' 
d-p+1 



dim £3^*(t)— dimr+l— dimf 



res' 
Tep-^,{i5',(T)) 



dimf \ /dim,^3^*(r) 
d-p+lj \ d-p+1 



rnAV0 



dimr / d + 1 - dimr 
d-p + 1 



+ ^ ^_^^dimr+i M+1 -dimr + dimrn A' 



rnAVB 

dim ^t{T) = d+l 



1 
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Here Ci is the first term of tlie riglit-liand-side of (15.51) . along with an additional contribu- 
tion for i = —1; this latter contribution is cancelled by the first term of C4. The expression 
for C2 comes from the second term of (15. 5p . using Lemma [5^ without taking into account 
the term Ar,p in that lemma. However, the first sum of C2 includes a contribution from 
cells r with dim <^^*(r) = d + 1, for which e*^"^"*"^ (T,- ft Wq) = 0. The second term in C4 
cancels this contribution. Finally, the A^^p term is accounted for in C3. 

The first sum of C2 cancels with Ci, the deeper reason for this being the Lefschetz 
hyperplane theorem. Using Lemma [5.31 (2). the second sum of C2 can be written as 



dimr+i [ dim^,(r) 
d-p + 1 



E (-1) 

/j^Ndimr+i I dimr 



+ C' 



C'2 



where 

c'2= E (-1) 



dim r+1 



mAVe 

dim ^*(T)<d+l 



dim (r) — dim r + dim r fl A' 
d-p+1 



We apply Lemma 15731 (2) and (1) successively to C3 to get 



\dim T+1 



dimr 



dim Lo 



uiCdA' 



d — p + 1 I \d — p + 1 



dim r+1 



dimr 



rCA 



d — p 



, dimr 



CdA' 



dimr 
d-p + 1 



dim A' /' -\\ dim A 
'dim A 



1)^ 



dim A 

d-p+1 



where 6 denotes the Kronecker symbol. This last term arises because if dim A' = dim A, 
then dA' 7^ A', and hence A ^ p~^]^,{uj) for any u C dA' . Using Lemma [5731 (2). we rewrite 
the part of the second sum of C4 involving those r with r C A' as 



re 3^^, 
dim &'t(-r) = d+l 



._^^dimr+i ^rf + 1 - dimr + dimr n A'\ ^ ^dimA'^_^^)dim A'+i 

d — p + 1 ™ 
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Putting all transformations together in the previous order, after term pair cancellations in 
(Ci,C2), (6*2,6*3) and (6*3,(74), we obtain 

jr^) = (^_j^dimr+i ^dim ^,(r) - dimr + dimr n A'' 



dim ^»{T)<[i+l 



rCA 

+ EM 



dimr+1 / dimr 
d-p+1 



dim ^*(T) = d+l 



(jjjjj^ ( d + 1 — dimr 

\dimr+i ( d + 1 — dimr + dimr fl A' 
-p+ 1 



Recall that A(r) denotes the smallest face of A containing r G Note that since A' 
contains all lattice points in the interior of A, dim A(r) = rf + l is equivalent to rfl A' 7^ 0, 
so the third sum becomes 

(dim A(r) — dimr 
d-p+1 



Em: 



dim T 



res' 



For r e with r n A' 7^ 0, we have dimr = dimr fl dA + dimr n A' + 1. We can 

unite the first and fourth sum and write this as 



E M) 



dim T+1 



dim ^^t) - dim r n 9A - 1 
d-p+1 



I dim T+1 



^ ^ /dimr — dimr' — l\ ^ 

\ d-p+1 I ^ 

fnA"V0 rnaA=r' 

In order to apply Lemma [5.3K 3). we identify 

^r',{pl^,)-Hr) = {re ^\^,{t) = f,r n 9A = r'} 

and obtain 

^ ^ ^_j^^dimr+l _ 



-rn9A=-r' 



l)dim.' ^^(^.) ^ (pi^,)"'(r) 
otherwise. 



Thus, the non-trivial case coincides with f = Paa'('^* (''"')) such that the sum on the right- 
hand-side of (15.61) can be reduced to a sum over r' G B^qi^ by using dimp^^,(^^,(r')) = 
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dim J^^{r') + 1. Identifying ^*(r') = A(r') for r' G and comparing the results with 

Prop. I3.2K 2). we get 

and by Poincare duahty for S, we have e'^-^(5') = e^{S) which finishes the proof. □ 

5.2. A vanishing result. By the Lefschetz hyperplane theorem, hP''^{S) = unless p = q 
or p + q = d. In this section, we prove that the corresponding mirror dual Hodge numbers 
also vanish. We recall the notation from (11.61) . We will often drop the coefficient ring C 
from a cohomology group, writing H^{T) instead of H^{T^ C) for a variety T. 

Theorem 5.7. Let Z he a smooth hypersurface in (C*)^ given by a Laurent polynomial 
whose Newton polytope is k-dimensional. Then h^''^H^{Z) = unless either i < dimZ and 
i = 2p = 2q or i = dim Z and p + q > i. 

Proof. For a smooth affine variety, W{Z) = for i > dimZ anyway. For a smooth variety 
Z, h^''^H^{Z) = foT p + q < i (see e.g., |PS08j . Thm. 5.39). The remaining statements 
follow from the Lefschetz-type theorem of |DK86j . Prop. 3.9. □ 

Let D denote the complement of the dense torus in P^. By Lemma ll. 211 (3) and the 
simpliciality of E, Wq fl -D is a normal crossing divisor in Wq. Let S^°'~^^ : H''{Wq (1 D^) — )■ 
H^{Wo n D*"*"^) denote the differential and augmentation of the cohomological complex 
associated to the semi-simplicial scheme Wq fl D and let j^odd Poincare dual, the 

Gysin map. 

Lemma 5.8. (1) There is a sequence 

y HP~'^''~\Wo n D') ^-^ •■■ ^ HP-^^''-\WonD^) ^-^ HP''^{Wo)^0. 

For p 7^ q and dim A' > 0, the sequence is exact at every term except possibly at 
HP~^'i-%Wo n &) where p + q - 2i = dimWo n & = d + 1 - i. 
(2) For p ^ q, there is a sequence 

. . . ^ HP-^'^-\Wo n ■ ■ ■ HP-''^-\Wo n Y,l,) H^'^iWo) 

where each map is an alternating sum of Gysin maps given by projecting —7 in 
Lemma \4.1\ (4), to Y'^^^. When replacing the last term by the image of the last 
map, the resulting sequence is a direct summand of the sequence in (1) and thus 
it is exact at every term except possibly at iirP~*'^-*(Wo l~l ^or) where p + q — 2i = 
dimWo l~l ^tor = d + 1 — i. Moreover, z/dim A' = then it is exact everywhere for 
every p, q. 
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Proof. The sequence in (1) can be derived from the weight spectral sequence of the co- 
homological mixed Hodge complex with complex part Q*^ [log{Wo fl D)) computing the 
mixed Hodge structure on if''+''(Wo \ (^o n D)). It is 

(5.7) Ef = m^+\Wo, GtZ" ^'w.MWo n m H'^+\Wo \ {Wo n i))). 

Using the residue map, in terms of the fan S, this becomes 

res 

dim T — — a 

where V{t) denotes the closure of the orbit corresponding to r and V{t) denotes its inverse 
image under the blowup — > Xg. The differential di = —'y^onn given explicitly in 
|PS08] . Prop. 4.10 as the (twisted) Gysin map. Setting a = —i, b = p + q gives the sequence 
in the assertion. By Lemma [1.201 we have 

dimAo7^rf + 2 dimAo = rf+l dimA' = 0, 

so we assume dim Aq = d + 2. We have 

The exactness follows if we show that 

(5.8) /i^'-"' Gr^, H''+\Wo\{Wo n ^)) = for p' ^ q' 

unless a + b = d + 1. This follows directly from Wq \ {Wq f] D) = Wo\ {Wq fl D) and 
Thm. 15.71 where D is the toric boundary in Xg. 
To prove (2), we set 

A = {r G S|r = Cone(ri),ri G ^,ri ^ A'.n ^ OA}. 

Note that V{t) = V{t) for t e A. Prop. 011(2), implies that for t e A, Wo n V{t) 
is the pullback of a projective space under a toric blowup. Hence HP''^{Wo H V{t)) = 
for p 7^ g and t E A. Moreover, supp S\supp({Int(r)|r E A} U {0}) has two connected 
components. We focus on the component of cones contained in Cone(A'). As a summand 
of the sequence in (1), we get the desired sequence 

> HP^''''~\V{r)nWo) ^ > HP~^^''~\V{r)nWo) ^ HP^'iWo) 

TeSnConc{A') reSnConc(AO 
dim T — i dim r — 1 

by identifying Y^^j. = ]JreEncono{A') V{t). 

dim T — i 

We now treat the case dim A' = separately by a different proof. The projection 
7rcone{A') in Prop. I1.10K 2) induces a projection 

Wo ^ Won /^Conc(A') = >"ntor 
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for which the inclusion Y^^^^ — )■ Wq provides a section. Hence, the puUback by the inclusion 
is surjective on cohomology and thus its dual, the Gysin map H^~'^{Y^^^^) — H''{Wo), is an 
injection. Since ^lior = is a blowup of Wq, we may compose the above injection with 
the injection W{Wo) — )■ {Y^^^^^j.) . This composition is indeed — □ 

Proposition 5.9. We have 

(1) h'''i+''Mf+%S,Ts) = h:P+^'''+''+^Wf+''+\Y,ip^^o'Cx) for k>l, 

(2) hP^i+'' W+'^{Y, ^pinfiCx) = unless p + q = d+l ork = 0, 

(3) Hf+'?(^, J^s) = unless p + q = dorp-q = k = 0. 

Proof. (1) follows from Lemma [575] and Thm. I^3| (3). By Poincare duality. Lemma 1^771 (6). 
it suffices to prove the vanishing in (2) for p + q > d -\- 1 and k ^ 0. Choose to & C with 
I to I sufficiently small so that is the only critical value of w for in the closed disk with 
radius |to|- Note that Wt^ := w~^(to) is a S-regular hypersurface as argued in the proof of 
Prop. 11.101 As in the proof of Lemma [5.8K l). we have an exact sequence 

H'-'iVir) nWt,)^ H\WJ ^ Gro^ H\WtMWt, n D)) ^ 0. 

res 

dim T — 1 

Let T denote the monodromy operator for w around 0. Then T and = logT operate 
on this sequence. Note that it suffices to show that N is trivial on H^{Wto) for 6 > + 1 
because then the (monodromy) weight filtration on M^iY^ipyrj^QCx) is also trivial, i.e., 

e''(F,^^,oCx) = GrS^tf (F,^^,oCx). 

By Thm. E2\ Gr^ H\Wto\{Wto n D)) = for 6 > + 1, so we only need to show that N 
is trivial on H''-'^{V{t) fl l^jj. It suffices to show the triviality on H^"'^{V{t) n W^tJ. We 
show that w\v{t) is constant if r ^ S. Recall that the pencil defined by w as a family of 
sections of 0*Cp^(l) (where : Xg — > is the resolution) is 

W{t) = t-Z° + CpZP + c^^("-VA{n.)) 

and z*^ vanishes on D^c = Xg\Xs. We have V{t) C D^o if t ^ S, so indeed w is 
constant on such V{t). Now let us assume that r e S\{0}. The Newton polytope of 
W1 := w~^{t) n V{t) is a proper face of A supported by the hyperplane r-*-. It contains 
and thus by the smoothness assumption of Pa, this face generates the standard cone 
r-*- n (T C 5d". For each t, there is a diagram 

^ w{t) ^ mi 



Pa ^PAnrX mi 
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where the first vertical map is birational, the second and third vertical maps have toric 
fibres, the horizontal maps are closed embeddings, the squares are pullback diagrams, 

is a hyperplane section in the latter. The fibres of the vertical 
maps over closed points of W[ are toric varieties. In particular, is a A fl r-'--regular 
hypersurface and thus has a disjoint decomposition in handlebodies of different dimensions 
induced from the intersection with the toric strata in P 



AriT 



Since handlebodies as well 
as toric varieties have Hodge structures concentrated in degrees (p, q) with p = q (see 
Lemma [3. 4p . this also holds for which inherits a decomposition in products of handle- 
bodies and toric varieties. The monodromy theorem, e.g., |PS08] . Cor. 11.42, implies that 
N operates trivially on H'{W^^). 

We now show (3). Note that (1) and (2) and the Poincare duality of Lemma 14.71 (5). 
imply the vanishing for /c 7^ 0. It suffices to show it for the case where k = 0,p + q > d 
and p ^ q. We use Lemma [5.51 and work with A*, i.e., we want to show 

for p + q > d. Recall that Lemma 14.71 provides us with a sequence 



k,m+k di 



p-{fc-l),(m+l)+(fc-l) 



which becomes 



q>-l-k 



j^m~2q~k+2 ^2q+k^ _^ 

(?>-l,-(fe-l) 



We have dimF* = d+2-i, so H^{Y^) = for 2i+j > 2d+4 and in particular H'^-^Y') = 
for z > d + 2 — {m— l)/2. We fix m. Because di splits up as cii = 5 — 7, the above sequence 
is the total complex of the double complex 



-7 

F'"-3(y3) 



■fc=L. 



^m-l^-yAd+l-(m-l-i)/2) j j_ ^m-l^-^d+2-(m-l-z)/2 j 

k=2-d+{m-l-i)/2 
^ . . . ^ ^m-3j^"^d+3-(m-l-i)/2 j 



k=(m-l-i)/2 



{m-l-i)/2\ 



m-l-i)/2\ 



k=l-d+{m-l-i) 



concentrated in a rectangle and with z = 1 if m is even and i = otherwise. Here the main 
diagonal (marked as /c = 1) gives E"^'"^'^^, with other diagonals giving for 
various k. We setm = p + g+ l > d + 1. Note that GtY IP~^'''^^(Y, A*) is the cohomology 
group by the total differential at the main diagonal. Since m > d+1, the rectangle extends 
more in the — 7-direction than it does in the (5-direction. We restrict this double complex 
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to the off-diagonal Hodge classes, i.e., we write ^pi^g, H^'''^' in front of each term. There is 
no ambiguity here because the Hodge structure of each term is pure and maps are strictly 
compatible with these. We then compute the cohomology of this restricted double complex 
with respect to 5 — 7 using the spectral sequence whose E'o-term has differential —7 and 
claim that E2\k=i = 0. This will finish the proof of (3). 

For p' 7^ q', hp' (Y^^j.) = because toric varieties have no off-diagonal Hodge classes 
and thus = All columns are exact at A; = 1 by Lemma [Ell(2). 

Indeed Wq n Y^^ = Y^+l and smce 

dim Wq n Y,li^^ = d-2q<p + q-2q = m-l-2q 

hj p+q > d, the exceptional cases lie strictly below the main diagonal. We have thus shown 
that -E'i|fc=i = away from the top left corner, i.e., away from 0p/+g/=„_i H^' (Y^^^.^^) . We 

claim that E2\k=i = at this term. This is equivalent to the map on the cokernels of 
the two top left vertical arrows induced by 6 being an injection. Using the exactness of 



Lemma [5.81 (2). this is equivalent to the injectivity of 

(5.9) (im7) n H^^\Wo) A (im7) n H^+\Wo n Y,'J. 

where we have used the short notation for H^'''^' H^. By Lemma 15.81 (1) and 

Poincare duality, we have an injection 

We can't directly deduce the injectivity in (15.91) from this because 6 = iryntov ° 6^°'~^^ where 
TiY^^^, : H!^^^{Wo n D^) H'!^^'^{Wo fl Y^l^) denotes the projection. We are going to show 
that 

(5.10) 5^o'^^((im7) n H^+\Wo)) C (im7) n H^+\Wo n l^or), 
which then implies (15. 9p . Let us consider the diagram 

H^+\Wo) — H^+\Wo n D') 

H'^-\Wo n D^) - — - h'^-\Wq n ^2) 

It is anti-commutative because it is part of the differential in the weight spectral sequence 
of the punctured tubular neighbourhood of WqHD in Wq. Moreover, by Lemma [5l8| (2). the 
three terms involving the bottom and right map split as direct sums where one summand 
is 



h^-\Wq n y,L) h^-\Wq n yI) ^ h^^\Wq n y,\,) 
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We get flSTTOj) from 

= (-7o5)(f/™-^(iyonF,L)) 
c(im7)ni/^+i(iyonF/J. 



□ 



5.3. The main theorem. With preparations complete, we can finish the proof of our 
main result by computing hP'P{S , J^g) as defined in f lO.Sp . for 2p > d. 
Note that, for 2p > d, we have by Lemma [5.51 and Prop. I5.9K 3). that 

Proposition 5.10. For 2p > d + 2, we have 

(1) hPm^P-\Y,A') = hP'PIfP{Y,C) - hPm'^P{Y,A'). 

(2) Grf H™(F, C) = for i and m > d + 2. 

Proof. We apply Gi^ to the sequence in Thm. |475| (2) in order to obtain the exact sequence 
y Grf ^ Grf e2p-i(F, A*) ^ 

GrS^ C) ^ Grjf e2^'(F, A*) ^ Gi^ ^(F, A') ^ ■ • • 



and conclude (1) from the vanishing of the exterior terms by Prop. l5.9K 2)-(3). Similarly, 
replacing Gi^ (resp. GrJ^) in the above sequence by Grf^ (resp. Gr^^), we deduce (2). □ 



dim 1 



Lemma 5.11. Let Ytor denote the closure ofY\ Wq. We have e^''^(yi;or) = forp ^ q and 

(dim A(r) — dimr 
p 

Proof. Recall from |DK86] . 2.5 that for a compact toric variety X^^, one has 



hP'P{X,:„C) = dunH'P{X^,) = 

reSo 



codim T~p 



codim r 
p 



and i/^(Xso, C) = for odd k. 

^From the weight spectral sequence on the mixed Hodge complex computing the mixed 
Hodge structure on H*(Y, C), we get 



i>l 
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which is zero if p 7^ g, so let's assume p = q giving 
e^'''(Ftor)= ^ (-lf"^'^dimi72p(x,) 



d+l— dim T—p 



d + 1 — dim r 



Using that, for fixed r, we have 1 = Y1^^,bujCt(^'^) ^^^^ c? + 1 = dimA(r) for 

T & ^ \ we conclude the assertion. □ 

Theorem 5.12. Given 

• a lattice polytope A defining a smooth toric variety and having at least one interior 
lattice point; 

• a star-like triangulation of A hy standard simplices; 

• Landau- Ginzhurg models w : — ?■ C and w : X^^ — C associated to resolutions of 
the cone over A and its dual cone; 

then for the sheaves of vanishing cycles J^s = (pw,o^j*Cx^[^] and = (f)w,oRj*Cxj:[i] we 
havS 

giving 

Proof By Example hP^i{J^s) = hP^i{S). By Prop. [321(1), we have 
(5.11) eP{S) = hP'P{S) + {-l^hP'^^-PiS), 

while by Thm. I5.6K 3) and the vanishing by Prop. I5.9K 3). we have 

eP{S) = {-lYe'^-P{S,J's) = h'^'^'^iJ's) + (-l)'^/i'^"^''^"^(J^5). 

Thus it is enough to show that h'^-P''^-P{J^s) = hP''^-P{S). This follows from ( IHUD if d 
is even and p = d/2, so by the duality of Theorem 15.61 (1). it remains to show that the 
equality holds for 2p > d. Using Prop. I3.2K 3). again, we just need to show for 2p > d that 



(5.12) /^^V5) = (-1)'~^E(-1) 



dim A(r) — dimr 
p+1 



^ ^ \dim T 

re 5^ 

Let us assume 2p > d. Choose to £ C* with |to| small. By Prop. 15.101 we have hP'P{J^, 



SI 



hP+^'P+^H^P+\w~\0)X) - hP+^'P+^H^P+\w-\to),C)- Note that by Prop. [5l0l(2), and 
the fact that hP'^WiY) = for Y proper and p -\- q > i, 

eP+^'P+\w-\0)) = hP+''P+'H^P+\w-\0)X)- 



11 



We use the notation /iP^'?(J's) = hP'i{S,J's) = J2k hP-'i+'' WP+i{S, J's) and likewise for S. 
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By the smoothness of w ^(to); this similarly holds for w ^(to)- The contraction Xg 
gives an isomorphism of w~^(to) H D and w~^(0) fl D. Thus using Thm. 1331(1), we get 

Moreover by a Lefschetz-type result (see |DK86] . 3.9). we have Gysin isomorphisms 

Hi{w-\to) n {c*y+'^) Hi+\{c*Y+^) ^ Hl{w~\0) n {c*Y+^) 

for i > d + 2. Note that this is also true in the dim A' = case using the fact that 
then w~^{0) fl (C*)''+^ = C* x W and W has a Newton polytope of dimension d. On 
the other hand /i^+^'^+^^r*(T) = for i < 2p + 2 and T smooth (by Poincare duality and 
jPSOS] . Thm. 5.39), so hP+^'P+^W^{w~\t) n {C*Y+^) = for i < d + 2, t e {0, to} and thus 
again by Thm. I3.3K 1). 

where dw~^(t) denotes the intersection of w~^(t) with the complement of the dense torus 
in Xy;- Note that Ytor C w~^{0), w"^(to) H Ytor = and the torus orbits in \ Ftor are 
indexed by J^qa- Decomposing in torus orbits yields 

where p = p + 1. By Cor. 11.221 for r e ^dA, we have 

W^\to)nTr = /7=°dimi?'.(r)-l ^ ^(^*^^diTa l^^r)- dim r ^ 
W^^iO) (~]T — ^* (''')" 2 ^ ^j|-^*^dim 5^*(T)"dimT+l 

Note that, for r G ^dA, 'U^~^(^o)nT^ is non-empty iff codim <^3^*(r) > 1 whereas w~^{0)nTr 
is non-empty iff codim <^^*(r) > 2; moreover, <^^*(r) = A(r). The assertion now follows 
from Lemma 15.111 and Lemma 13.41 □ 

6. Complements 

6.1. Relation to discrete Legendre transforms and toric degenerations. Recall 
from |GS03j the definition of a polarized tropical manifold, {B, J!^,ip), where B is an in- 
tegral afiine manifold with singularities, ^ a polyhedral decomposition of B into lattice 
polyhedra, and ip a strictly convex multi-valued piecewise linear function with integral 
slopes on B. A tropical manifold may have a boundary as well as unbounded cells. Here, 
we will only need tropical manifolds without singularities, isomorphic to polyhedra, and 
with If single- valued. Also recall from |GS03] how to associate a polarized tropical manifold 
to a polarized toric degeneration of an algebraic variety. This polarized tropical manifold 
is the dual intersection complex of the toric degeneration. In addition, recall the notion of 
the discrete Legendre transform. The latter associates another polarized tropical manifold 
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A 

DLT 

Figure 12. Tropical manifolds and their relationships: DLT marks a discrete 
Legendre transform, s marks a subdivision, d marks a degeneration 

[B, if) to [B, ip) which in turn transforms back to [B, ip) upon another appli- 
cation of a discrete Legendre transform. This transform has been found to realize mirror 
symmetry for maximally unipotent toric degenerations. We now relate this to our mirror 
construction. 

We return to the situation of (10. ip . (10. 2p . so we are given dual cones a, a subdivided 
into fans S, E giving Landau- Ginzburg models w : Xs — j- C, w : — )■ C. We shall build 
toric degenerations of Xs, whose corresponding dual intersection complexes (5, if) 
and (5, (fs) are related by discrete Legendre transform. This will show that the mirror 
symmetry of (10. ip . (10. 2 p fits into the general setup of the Gross-Siebert program. 

We use a standard method of building toric degenerations, see e.g., |NS06] . Let B C Mr 
be a (non-compact) polyhedron with a polyhedral decomposition 0^ and a strictly convex 
piecewise linear function Lp with integral slopes. Let S be the fan in Mk = Mr © defined 
by 

S = {faces of Cone(r)}, 

where now one must take care to take the closure in defining 

Cone(r) = {(rm, r)\m & r^r > 0}, 

as r need not be compact. We say (-B, 1^) has asymptotic fan S if 

S = {reS|rCMMX {0}}. 

If (5, ^) has asymptotic fan S, then the projection Mk — )■ M induces a map of toric 
varieties Xg — ?■ whose general fibre is isomorphic to X^. This is a toric degeneration 
of Xs. 

Further, ip induces a piecewise linear function on S as the unique piecewise linear 
extension of to S, thinking of as a function on B x {!}. 
We then have: 

Theorem 6.1. Let w : Xs — C, w : Xg — ?■ C &e (ifia/ Landau- Ginzburg models as given in 
W . 1\) . I[07^) . Let tp (resp. tp) denote the piecewise linear function inducing the subdivision 
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Tj of a (resp. S of a). Then there are polarized tropical manifolds {B,^,(p), {B,J^,if), 
related by discrete Legendre transform, yielding fans S, S as above, such that 

• S and S are the asymptotic fans of (5, and (5, ^) respectively. 

• Thinking ofT, and S as subfans ofT, and S respectively via t ^ t x {0}, we have 
<^|s = ip and (p\j. = ip. 

Proof. By adding a linear function, we may assume that tp\f = for some maximal cone 
f G S. Let B = Ajjj be the Newton polyhedron of ip and the convex hull of its compact 
faces. We have = AJJ, + a. Then 

Cone(5) = |J(tA^ + a,t). 

t>o 

Let ip'^ be the zero function on A^,. For {b,t) G Cone(i?) we set 

(p{b) = mm{ip''{p) + ip{q)\p + q = b,p e tA^, q e &}. 

This function is piecewise affine and convex on Cone(5). Let S be the fan of maximal 
domains of linearity of (p, let ^ be the induced cell decomposition on B, identified with 
B X {1}, and let (p = (p\bx{i}- Note that <^|o-x{o} = by construction, so {B, ^,<^) has 
the desired properties. 
To get the dual, set 

p = {(b,s) e B xR\s> (^(6)}, 

and let S be the normal fan to P, with piecewise linear function if induced by P. Then 
S has support |S| contained in x M>o, and if we take B = |S| fl {N^ x {1}), then 
= Cone(i?). Furthermore, B inherits a decomposition ^ from S, and S is obtained 
by taking cones over elements of The asymptotic fan of B is the normal fan to B, i.e., 
S, and = ip, since B was the Newton polytope of ip. Setting ip = <^|_bx{i}, one checks 
that {B, /^,if) is the discrete Legendre transform oi {B, J^,if). □ 

We note that the choice of given in the proof is not canonical: there may be 

many choices. 

Given the pair S, S produced by the theorem, we can construct Landau- Ginzburg models 
w, w on the families Xf,,X^ — )■ A^. Let 

w := ^c^z("'^''^("'')) 
p 

P 

where the sums are over all one-dimensional rays p in S (p in S), with Up {rrip) the primitive 
generator of p (p). One checks that these are regular functions on and Xg respectively. 
Note that by identifying t with z^^''^\ away from the fibre of — )■ over 0, we can view 
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w as giving a family Wt of Landau-Ginzburg potentials on X^, parameterized by t, with 

Examples 6.2. For a suitable choice of ip, applying this construction to {&,T,,ip) yields 
the degeneration given in Rem. 11.251 Applying this to {a, S*, /i*) yields the one given in 
Rem 11.91 possibly up to a change of the coefficients. 

6.2. Relation to conic bundles and the work of others. Mirror symmetry can be 
studied locally by looking at a conic bundle of the shape 

(6.1) uv = f{wi,. . . ,w„)t 

m A2x(C*)"xAi where M, f , Wi, . . . , Wn, t are coordinates of the factors in the given order. 
Here, t is a family parameter. One should think of t = as being a toric degeneration 
of a non-compact Calabi-Yau manifold given by a general fibre for t ^ (assuming / 
defines a smooth subvariety of (C*)"). For a fixed t ^ 0, the projection to (C*)" yields a 
conic bundle with discriminant / = which is also the singular locus of the total space of 
the family. This local Calabi-Yau is an essential building block of the toric degenerations 
studied by Gross-Siebert in |GS03] . 

In |AAK] ■ the authors work out an understanding of mirror symmetry for varieties of 
general type from the point of view of Strominger-Yau-Zaslow torus fibrations and blow- 
ups. Their basic setup is a conic bundle as given above. It arises from when one blows up 
X (C*)" in X {/ = 0}. 

Let us understand how a conic bundle appears in our construction: In Prop. 11.81 we 
have compactified to Xg, a P^-bundle over P^. To turn the resulting rational map 

w : Xg — >P^ 

into a regular one, we have blown up the intersection of w^^i^O) with the divisor at infinity. 
In a neighbourhood of the center of the blow-up, we have precisely the setup of [AAK] : 
Indeed, recall from (11. 3p that 

mGAnA/ 

We restrict this to (C*)'^^^, then compactify to the P^-bundle. The graph of w is given by 

setting / = '^rneAnM '^'rnZ^"^'^\ Ui = z^^~^\uq = z^^'^\ Vo,Vi being homogeneous coordi- 
nates on the target P^ of w. Most importantly, in the neighbourhood at infinity given by 
setting Mo = 1, we blow up the locus f = Ui = just as in |AAK] . 

We have thus seen that in the resolution w : Xg — )■ P^, there is no critical value in C* 
and the fibres over and oo have isomorphic singular locus with trivial monodromy on 
cohomology. Our construction sits at whereas the conic bundle is a neighbourhood of oo. 
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The potentials we gave in (11 ■2p and fll.Sp are not quite the right ones as expected from the 
SYZ mirror symmetry construction in |Aur07] . Roughly speaking, Auroux's construction 
associates to a manifold X with effective anticanonical divisor D a mirror as a manifold 
X with a potential w : X ^ C constructed from counting certain Maslov index two 
holomorphic disks in X. In our setup where X = Xj: (resp. X = Xf^), we implicitly 
use the toric boundary divisor as a choice for D. The naive potential we are using — 
up to changing its coefficients — only counts a subset of all holomorphic disks. This is 
because our potential can be viewed as given by a count of tropical disks, see |GrlOj . 
Tropical geometry, however, cannot see (degenerate) disks with components mapping into 
D. There are typically algebraic curves contained in D with non-negative Chern number 
which can be glued to disks visible tropically to obtain additional Maslov index two disks 
contributing to the potential. These can contribute additional monomials. 

There doesn't seem to be an easy way to describe all the curves that contribute addi- 
tionally to the potential directly from S or S. However, [CPSllj provides an approach 
for obtaining what should be the correct potential in the context of the Gross-Siebert pro- 
gram. The authors choose a smoothing of D which is reflected in the tropical manifold 
(see §6.11) by "pulling in singularities from inflnity" such that all unbounded rays become 
parallel, i.e., making the boundary in the discrete Legendre dual totally geodesic. This 
requires introducing singularities in the affine manifolds introduced in §6.11 Once this is 
done, the techniques of [GSll] can be applied to obtain a tropical description of what 
should be interpreted as Maslov index zero disks. Finally, |CPS11] then demonstrates how 
to construct a well-defined potential from this data. Presumably, this will give the same 
potential as the one obtained in jAAK] . 

It can be checked in examples that carrying this out in our setup does change the 
potentials but does not affect its critical locus and sheaf of vanishing cycles. This point of 
view will be explored in more detail elsewhere. 

6.3. Singular fibres and deformations of the potential. In the study of mirror sym- 
metry involving any Landau- Ginzburg model, there is always a question as to which sin- 
gular fibres should contribute. Except in the case of the mirror of the cubic three-fold, we 
only make use of the zero fibre, whereas in the case of the cubic three-fold (see we in 
fact make use of all singular fibres. This raises the question of justifying these choices. 

We believe that these choices can be justified mathematically by incorporating the 
Landau- Ginzburg picture into the Gross-Siebert mirror symmetry program as discussed 
in §6.11 If t is the parameter for the family, with t = the degenerate fibre, and Wt the 
i-dependent potential, then one can explore what happens to the critical values of Wt as 
t — 7- 0. Those critical values which go to oo as t — > are the ones which should be ignored. 
This is essentially the behaviour already observed in |F000] in the case of mirrors of toric 
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varieties. There, the authors work over the Novikov ring which imphcitly disregards the 
unwanted critical values. 

To see this in practice in several of the explicit examples of this paper, consider first the 
example of the genus two curve. It is easiest to describe a natural toric degeneration in 
terms of the compactification described in Example 11.61 where one takes a degeneration 
of the form xy — tz^ = uv — tz^ = 0, while we take w = c^x + Cyi/ + c^z + c^u + c^v as 
before. One finds that is always a critical value, but the remaining critical values behave 
like order and hence go to infinity as t — 0. 

On the other hand, a natural degeneration for the mirror of the cubic three-fold is given 
by XQXiUiU2U-i = ts'^, ui + U2 + u^ = s, and one checks the critical values are and ±6\/3t, 
which do not go to infinity. 

We will not be more precise here, as this will be explored in greater detail elsewhere. 

6.4. Complete intersections in toric varieties. A Landau- Ginzburg model for a com- 
plete intersection in a toric variety was already given in |HW09] based on |BB94] . It closely 
relates to the local models of the logarithmic singularities given in |RudlOj based on |GS10] . 
Let Pa be a smooth projective toric variety, -Di, Dk effective toric divisors with Newton 
polytopes Ai, Afc and non-degenerate global sections fi, fk of the corresponding line 
bundles. We require /i, fk to be transversal, i.e., (d^^fi) has rank k at each point of Pa, 
where Xj are local coordinates on Pa and the fi are viewed as regular functions using a local 
triviahsation of 0{Di). Transversality of fi,..,fk is implied if Ai,...,Afc are transversal, 
i.e., their tangent spaces embed as a direct sum in Mu. We define the cone 

a = Cone(Conv(Ai x {d}, . . . , A^ x {ck})) 

in Mk © M'^ where ei, . . . , Cfc is the standard basis of M^'. Its dual cone is given by 

(J = {(n,ai,...,afc) |ai > (^A.(n)} C iVu © M''. 

Let S denote the star subdivision of a along the cone generated by e*, e^. It is not hard 
to see that Xg = Tot{Oj?^{-Di) © ... © Ow^{-Dk)). Setting m = z"', we find that 

W = ^ Uifi 
i 

is a regular function on = Spec[cr fl (M © Z^)] with Newton polytope A = Conv(Ai x 
{ci}, Afc X {cfc}). We pull w back to Xg. The smoothness of 

s = cnt{w) = v{fi)n---nv{fk) 

follows from the transversality of the fi. We construct the mirror of S as follows. Let 
be the star subdivision of a along the subcone generated by 

A' = Conv{A; X {ei}, A^ x {cfc}} 
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where denotes the convex hull of the interior lattice points of Aj. Let S be a refinement 
of given by a triangulation of A such that each cone in S is a standard cone. Since 
this does not need to exist, more generally one needs to allow simplicial cones, see §6.51 
However, with the assumption made, is smooth. Moreover, w is now in the shape of 
(10. 2p . We define the potential w on as in ( 10. ip and take the pair 

{S = Sing(^i;-HO)), = 0^,oCx,[l]) 

for the mirror dual of S. One can show that dim S = dim S, so that {S, Tg) is plausible 
as a mirror of S, in analogy with the hypersurface case. 

6.5. A refinement of the general conjecture using orbifolds. We state here a refined 
version of the conjecture concerning Landau- Ginzburg models defined using dual cones a 
and a of the statement made in the introduction. Given a cone a C M, one can define 
a fan S^, refining a in a canonical way, by taking S^, to be the cones over faces of the 
convex hull a° of the set of points a fl (M \ {0}). The corresponding toric variety Xj^^ 
is not necessarily a resolution of however it is always Gorenstein. One can subdivide 
each bounded face of a° into elementary simplices, i.e., simplices which do not contain any 
integral points of M other than vertices. This refinement S, which is not unique, yields an 
orbifold resolution X^, — j- X^ which is crepant over . We can follow the same procedure 
for (J, hence obtain as in the introduction Landau- Ginzburg potentials 

w.X^^C 
w : ^C. 

We pose the following 

Conjecture 6.3. There is a version of the sheaf of vanishing cycles for orbifolds, where 
each HP'^Y^) m Lemma\l7\ (3) is replaced by Hlg{Yi) . Defining h^'^iX^, w) and h^J^iX^, w) 
then analogously to Cor. \ 0.3i n = dimX^, we have 

Assuming a renormalization flow argument works in the orbifold case, the last statement 
of the conjecture holds true in the Calabi-Yau case as was shown in [BB96] . 

Note that in the particular case of this paper, where a is the cone over a polytope, the 
resolutions we use are special cases of the above resolutions. We believe, based on this and 
some other examples, that these special types of resolutions allow us to make the above 
statement using just the critical value on both sides. This holds for the case considered 
in this paper. On the other hand, using abitrary total resolutions as in (10. ip . (10. 20 in some 
sense adds geometry that wasn't originally there. 

The simplest case of this conjecture which is not a Calabi-Yau situation and not already 
verified in this paper would be where a and a are both two-dimensional cones defining 
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non-Gorenstein rational quotient singularities. We have verified the conjecture in several 
such explicit examples. 

7. The cubic three-fold 

This section can be viewed as being complementary to the main discussion of this paper. 
We shall consider one example of a mirror to a non-trivial Fano threefold, namely the 
cubic hypersurface in P^. In the general type case considered in the bulk of the paper, 
a hypersurface gave rise to a Landau- Ginzburg mirror whose dimension is two more than 
that of the starting hypersurface. We then obtained a mirror of the correct dimension by 
passing to the critical locus of one fibre of the potential. In the case of a Fano hypersurface, 
we can't do this. The critical locus has a very different character, and it doesn't make sense 
to restrict to this critical locus. 

There are then several alternative approaches one can take. First, there are already a 
number of constructions of Landau-Ginzburg mirrors to Fano hypersurfaces in the liter- 
ature, giving mirrors of the correct dimension. Second, we can use a different technique 
to reduce the dimension, namely Knorrer periodicity, see §2.1[ We examine the various 
approaches: 

(1) In [Gi96] . A. Givental proposed a mirror given as the pair (X, w) where X is defined 
by the equations X0X4M1M2M3 = 1, mi + M2 + M3 = 1 in (C*)^. Here xq, X4, mi, M2, M3 are 
coordinates on this algebraic torus, and w = xq + x^. 

It is will be helpful to partially compactify this as follows, replacing X by the subvariety 
of X P'^ defined by xoX4,uiU2U3 = s^, ui + U2 + = s, where now xq, X4 are coordinates 
on and ui, U2, M3, s are coordinates on P'^. 

(2) In |ILP11] . the authors proposed a "weak Landau-Ginzburg model" mirror for the 
cubic threefold, the function — h 2; on the algebraic torus (C*)^. This is in fact the 
same as w in construction (1) after a change of coordinates: take x = ui/u-s, y = M2/M3, 
z = X4, and note that in (1) we have the equation X0X4M1M2M3 = (mi + M2 + ^3)'^. Then 
{x + y + lY/ (xyz) = {ui + U2 + u^Y / (^1^2^3X4) = Xq, so in fact w = Xq + x^. 

(3) The construction of this paper proposes a five-dimensional Landau-Ginzburg mirror 
to the cubic threefold. One begins with a polytope A in M"^ which is the standard simplex 
rescaled by a factor of 3. The cone a over A in is generated by 

vo = (0, 0, 0, 0, l),vi = (3, 0, 0, 0, 1), . . . , ^74 = (0, 0, 0, 3, 1). 

The dual cone a is generated by 

(7.1) (1,0, 0,0,0),..., (0,0, 0,1,0), (-1,-1, -1,-1,3). 

The corresponding toric variety is desingularized by subdividing along the ray generated by 
(0, 0, 0, 0, 1), and the argument of Prop. 11.81 (3) and Example 14.31 shows that the Landau- 
Ginzburg model on this toric variety corresponds to a cubic three-fold. Dually, the toric 
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variety X^- carries a potential w = Sq + ■ ■ ■ + — s^, where sq, . . . , S4 correspond to the 
vectors of the hst (17. ip and S5 to (0,0,0,0, 1). We note the choice of sign in front of S5 
is arbitrary, as in theory we could use any coefficients. This choice fits better with the 
previous models. To see the relationship between this five-dimensional model and the 
mirror cubic of (1) or (2), we proceed as follows. 

Take a partial crepant resolution of X„ by taking a subdivision of A via a star 
subdivision at f = (1, 1, 1, 0, 1) = {vi + V2 + v^)/?>. Thus the edges in this star subdivision 
with endpoint v have as other endpoint Vq, fi, ^'3 and ^4. This gives a fan E^, refining a. 
The exceptional divisor E of the partial resolution corresponding to the vertex v is then 
described by a quotient fan S^, in with one- dimensional cones generated by the vectors 
in the left column of the following table (eliminating the last coordinate): 



Po= (-1,-1,-1,0) 
Pi= (2,-1,-1,0) 
P2= (-1,2,-1,0) 
P3= (-1,-1,2,0) 
P4= (-1,-1,-1,3) 

The remainder of the table displays the vanishing order of certain sections of the anti- 
canonical bundle of X^,^ and regular functions (to be explained shortly) on the divisors 
corresponding to Pq, ...,P4. The diagram on the right shows the combinatorics of the fan 
S^,. It is in fact an incomplete fan with the three four-dimensional cones 

(-Pq! -Pi) A, -^4)5 (-Pq) -Pi) -fs) -Ri), (-Po) -P2) -Ps) -P4)- 

We can describe the corresponding toric variety E = X^,^ as follows. Consider the Newton 
polyhedron for —Ke- This divisor is represented by the piecewise linear function which 
takes the value 1 on each Pi. Note that (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 0) G 
all lie in the Newton polyhedron for this piecewise linear function, and hence represent 
sections of —Ke, which we write as Ui,U2,U3 and s respectively. On the other hand, the 
monomials Xq = z^~^~^~^~^\x4 = 2;(o.O'0,i) ^^.^ ^^^^^ regular functions on E. Using 
xo,X4,ui,U2,U3, s to map X^,^ to x P'^, one sees one has the relation xoXiUiU2U3 = s^. 
One checks easily that this map is in fact an embedding. In particular, we can view E a.s a. 
partial compactification of the torus X0U1U2U3X4 = 1 appearing in Givental's construction 

(!)• 

As the notation suggests, the partial resolution coming from the decomposition can 
be viewed as analogous to the partial resolution we used in ^ with the same notation. 
This latter decomposition was completely canonical, whereas in the Fano case, there is no 
such canonical resolution. 
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To relate the five-dimensional Landau-Ginzburg model on Xg, to a three-dimensional 
one, restrict w to any affine subset corresponding to a maximal cone of S^, containing 
w, say the cone spanned by v,VQ,vi,V2,V/i. The dual cone is spanned by (0,0,1,0,0), 
(-1,-1,-1,-1,3), (1,0,-1,0,0), (0,1,-1,0,0), and (0,0,0,1,0). In addition, the dual 
cone contains the integral point (0,0, —1,0, 1). In fact, these six integral points are gen- 
erators of the monoid of integral points of the dual cone. If we take monomial functions 
y, Xo, Ml, M2, 2:4, s corresponding to these six integral points, we note that we have the rela- 
tion XQX4M1U2 = s^. Furthermore, we can write the potential 

So + si + S2 + S3 + S4 - S5 = yui + yu2 + y + + xq - ys = y{l - s + iii + U2) + xq + X4. 

By Knorrer periodicity (see Prop. [2711) . the associated category is equivalent to the category 
of the LG model on the locus y = M1+M2 + I — s = with potential xq + x^. Note that y = 
gives an affine piece of the exceptional divisor E. Checking this description on each affine 
subset corresponding a maximal cone, one finds our five- dimensional LG model should be 
equivalent to the three-dimensional one given on the three-fold V{ui + U2 + — s) C C 
X P'^ with w = Xq + X4. Restricting this potential to the intersection of this three- fold 
with the big torus orbit on E gives Givental's model in (1). Furthermore, we have now 
obtained the partial compactification of Givental's model described there, hence justifying 
this choice of partial compactification. Thus we will take as a starting point the model 

(X = V{XoX4UiU2U3 — S^, Ui + U2 + U3 — s) C X P^, W = Xq + X4). 

In fact, {X,w) is not quite what we want for the mirror: we should take a crepant 
resolution of X. Once this is done, we can describe the sheaf of vanishing cycles and 
compute its cohomology. 

Given the fan Zl„ describing the exceptional divisor E above, we note that the toric 
divisor of E corresponding to the ray generated by Pi is 

s = x, = ifzG{0,4}, 
^ ■ ^ s = = if z G {1,2,3}. 

We can now refine the fan S^, to resolve the toric singularities. Note that the hyperplane 
Ui + U2 + U3 = s defining X inside X-£^ is S„-regular. In particular, X is disjoint from 
zero-dimensional toric strata of Xj^^. So to resolve X, we just need to choose a subdivision 
of which resolves X^,^ away from the zero-dimensional strata. Hence, we do not need to 
specify the subdivision of the four-dimensional cones of X^^; rather, we will just subdivide 
the three-dimensional cones. In addition, the hyperplane Mi + M2 + M3 = s is disjoint from 
the one-dimensional toric strata corresponding to the three-dimensional cones generated 
by PQ,Pi,Pj or P4^,Pi,Pj with i,j G {1,2,3} as can be seen from (17. 2p . Therefore, we 
only need to specify subdivisions of the remaining three three-dimensional cones which we 
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Figure 13. The subdivision of three-dimensional cones in S^, is induced by 
the above triangulation of the triangle with vertices Po, Pi and P4, as de- 
picted. 

do as given in Figure [131 Any choice extending the subdivision of these three cones to a 
subdivision S of S„ will not affect the resolution of X. 

Now let X be the proper transform of X under the blow-up vr : — X^^, and write 
w : X — > C for the composition wott. The smoothness of X follows because it is S-regular 
and Xy; is smooth outside of zero- dimensional strata. The crepancy of X — X follows 
from that of X^ — )■ Xg^ by the adjunction formula. There is an operation of 5*3 on the 
open subvariety of Xs given by the union of all torus orbits that intersect X. It is given 
on the fan by the permutation of the first three coordinates and lifts to X. 

The following summarizes the relevant geometry. 

Lemma 7.1. w~^{0) has six irreducible components, each with multiplicity one, which we 
shall write as Di, D2, D3, Si, S2 and Wq. Here 

• Di is a del Pezzo surface of degree 6, and is the intersection of the toric divisor 
corresponding to the ray generated by (Pq + P4 + Pj)/3 with X. 

• Si is a rational scroll blown up in three points, and is the intersection of the toric 
divisor corresponding to the ray generated by (iPq + (3 — i)P4)/3 with X. 

• Wq is the proper transform ofw~^{0), and is a non-singular quasi-projective variety. 

Furthermore, these irreducible components intersect each other pairwise transversally, as 
follows: 

• i:= SinS2 = WonSi = WonS2 is isomorphic to 

• Qi := Di n i is a point. 

• D,n Sj ^ for each i, j. 

• A n Wo = P^ for each i. 

• D.nDj = $ fori^j. 

Thus in particular general points of i are triple points o/ty~^(0). 
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Figure 14. w~^{0) is depicted on the left and ■w~^{0) is depicted on the 
right. The grey hnes on the left show components of the singular fibres of 
the scrolls. The unlabelled horizontal components on the left are Di,D2, 
and on the right are Di, D2, D^. 

Let 71 : X ^ X be the blow-up of i, w = w o jr. Then ^"^(O) is normal crossings, with 
irreducible components Di, i = 1,2,3, Sj, j = 1,2, Wq, and E. Here 

• 77 : S'j — > Sj and vr : — > Wq are isomorphisms. 

• n : Di ^ Di is the blow-up of Di at the point 5*1 fl 5*2 fl -Dj. 

• E is isomorphic to x P^, and appears with multiplicity three in w~^{Q). 

These components intersect as follows: 

• 5i n ^2 = 0, A n Dj = {i}fori^ J, WQnS^ = 0. 

• SiHDj = F\ 

• E (1 Si, E n S2 and E fl Wq are three disjoint lines of one of the rulings on E. 

• E f] Di, z = 1, 2, 3 are the exceptional curves of fr : Di ^ Di and give three disjoint 
lines on the other ruling of E. 



See Figure {T^ for a pictorial summary of this data. 



Proof. This is largely a somewhat tedious calculation, so we merely summarize the most 
important points. First, from xq = z^~^'~^~^'~^^ and X4 = z^^'^'^'^\ one sees that the 
only exceptional divisors of — ?■ Xs„ which both intersect X and on which the function 
Xq + X4 vanishes identically are those divisors corresponding to the rays generated by the 
points {Pq + P4 + Pi)/3, i G {1, 2, 3}, (on which both xq and X4 vanish to order one) and 
(jPo + (3— j)-P4)/3, j G {1, 2} (on which one of Xq, X4 vanishes to order one and one to order 
two). The intersection of these five divisors with X = 7t~^{X) are the components Di, Sj 
of w~^{0). Note that the toric divisor corresponding to (Pg + P4 + Pj)/3 maps surjectively 
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to the stratum of X^^ given by Xq = = Ui = s = 0, and that Di is the inverse image 
of the point defined by Uj + u^ = 0, k} = {1, 2, 3}. One sees easily from Figure [13] that 
this fibre is isomorphic to blown up at 3 points, as described in the statement of the 
lemma. Furthermore, the divisor corresponding to {jPo + (3 — j)P4)/3 maps surjectively 
to the stratum of Xs„ given by xq = X4 = s = 0, and Sj is the inverse image of the line 
Ml + M2 + M3 = under this map. Again, from Figure [131 it is not difficult to verify the 
description of Sj. Furthermore, again from the explicit subdivision given, one can verify 
the description of the intersections of the components Di, D2, D^, Si, 82- 

To understand Wq, one must compute the proper transform of w~^{0), which must be 
studied on open subsets corresponding to each triangle in Figure [T3l We shall do this just 
for one crucial triangle, leaving it to the reader to check the others. Consider the triangle 
whose vertices are (2Po + -P4)/3, (-Po + 2P4)/3 and (Pq + P4 + Pj)/3, generating a cone r 
in S. Without loss of generality, take i = 1. Note that is generated by (— 1,0,— 1,— 1), 
(0, 0, 1, 1), (1, -1, 0, 0) and ±(0, -1,1,0). 

Now on the open subset of Xs„ defined by the cone generated by Pq, Pi and P4, U2 and 
U3 are non-zero. Thus on this open set, we can trivialize —Ke by setting U2 = 1. We get 

m = ^(l.-lAO)^ = ^(0,-1,1,0) g ^ ^(0,-1,0,0) _ ^J^gj^ ^g^l^g 

as coordinates on the open subset of Xj^ defined by r. Note that the equation for X = 

71^^ (X) is now 

(7.3) Q!3 + 1 + M3 = aia2as 

and the equation zq + = becomes 

Oi\a20Lz + a\a\a-i,u^^ = 0. 

We can factor out 0102^3, refiecting that the divisors 5*1, 6*2 and Di occur in w~^{0) 
with muliplicity 1, leaving the equation for Wq (multiplying by ^3, keeping in mind it is 
invertible, and then eliminating this variable using f l7.3p ): 

ai(a;ia2«3 — 03 — 1) + 0:2 = 0. 

One checks that this is non-singular, and intersects the other three irreducible components 
as claimed. Checking all charts, one finds the complete description of w~^{0) as given. 

To describe w~^{0), it is sufficient to note that the three divisors 5*1, 6*2 and Wo meet 
each other mutually transversally along Si fl 5*2 in X. As a consequence, when one blows 
up the curve Si fl S2 in X, the proper transforms of these three divisors are now disjoint, 
and the exceptional divisor E, being a P^-bundle over Si fl S2, now contains three disjoint 
sections, and hence is isomorphic to P^ x P^. The remaining details follow easily. □ 
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We also need a properification of the map w : X — t- C. To do so, begin by partially 
compactifying x P'^ by embedding it in x x P^, with coordinates {yo,yi), on 
the A^ and P^ factors. This embedding is given by 

(Xo, X4, U2, Us, s)) ^ (Xo + X4, (Xo, 1), U2, Us, s)). 

Then the closure X^^ of in A^ x P^ x P'^ is given by the equation 

VoiViW - yo)uiU2Us = s^yf. 

Let X' be the hypersurface in X^^ defined by the equation ui + U2 + u^ = s. 

Lemma 7.2. (1) There is a resolution tt' : X' — > X' extending the resolution vr : X — )■ 
X. 

(2) The map w : X ^ C extends to a proper map w : X' ^ C 

(3) D := X' \ X is a normal crossings divisor, each component of which is mapped 
smoothly to C under w. 

(4) Every fibre of w is a non-singular K3 surface except for w~^{Q) and . 
The latter two fibres are K3 surfaces with one ordinary double point each. 

(5) ty-^O) = 1^0 U Si U 5*2 U Di U D2 U D3, where Si, Dj are as in Lemma\7l\ and Wq 
is a compactification of Wq . 

Proof. For (1), the open subset of X' where yo = ^ has the equation 

{yiw - l)uiU2U-s = {ui + U2 + usfyl 

in A^ X P^, and one finds the following singular locus. There are three curves of Ai 
singularities given by yi = Ui = uj = 0. There are also three curves of A2 singularities, 
given by the equations yiw — 1 = ui + ^2 + % = Uj = 0, z G {1, 2, 3}. However, the latter 
curves are contained already in X, given here by 7^ 0. Thus we may resolve X' by using 
the resolution vr o tt for X and in addition blowing up the three curves of Ai singularities, 
which did not occur in X. 

(2) is clear, since w agrees with the regular function w on X', which is clearly proper. 
One then takes w = w o n'. 

For (3), note that X'\X is given by setting 7/0 = 1, yi = 0, giving the equation U1U2U3 = 
in A^{w) X P^. Furthermore, tt' blows up the curves yi = ui = Uj = 0, and hence one sees 
easily that X' \X is Cg x A^{w), where Cg is a cycle of six rational curves. The restriction 
of w to this divisor is just given by projection onto A^{w), making the result clear. 

For (4), note that a fibre of : X' — )■ C is given by fixing w, in which case this fibre can 
be described as the zero set of 



yluiU2Uj, - yoyiwuiU2U3 + yl{ui + U2 + u-^f 
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in X P^. The projection to P^ describes this surface as a partial resolution of a double 
cover of P^, branched over the discriminant, the latter given by 

UiU2U^{w^UiU2Uz - 4(mi +U2 + U^f ) = 0. 

This is the union of the three coordinate lines and a (for general w) smooth cubic for which 
= is an inflectional tangent for each i. Suppose this cubic is indeed smooth. Then 
the double cover of P^ branched over this locus has three Ai-singularities over the points 
Ui = Uj = and three As-singularities over the points Ui + U2 + u-^ = Ui = 0. However, the 
fibre of w as described in x P^ has partially resolved the As-singularities, as the fibre 
of the projection to P^ over ui + ^2 + U3 = = is a P^, but the surface contains two 
yl2-singularities along this P^, at |/o = and yiw — yo = 0. The resolution X' — >■ X' now 
resolves all remaining singularities minimally because it is crepant. Hence, a general fibre 
of is a minimal K3 surface. 

To identify the remaining singular fibres, we just need to know for what non-zero values 
of w the cubic w'^uiU2U^ — 4(ui + U2 + u-^^Y = is singular. One checks easily that this 
occurs only when ty^ = 4 ■ 3'^, at the point (ui, U2, U3) = (1,1,1). Furthermore, this point 
is a node of the cubic. This gives the two singular fibres with ordinary double points. 
(5) is obvious. □ 

The main result is then the following theorem: 
Theorem 7.3. Let D = X' \ X , : X ^ X' the inclusion. Then 

and 

'c^ i = l 

(C? 1 = 2 
z = 3 
otherwise. 
In particular, z/ F C P'* is a smooth cubic three-fold, then 

h^'-^{Y) = /i2.i(F) i = l or 3 




H^(0^,oRjfC 



XJ 



dimc0ff(0^,pRjfC^) 



pec (^E-=o/^^'^(n ^ = 2. 

Proof. The description of D in Lemma [7^ (3) and Thm. I4.2l tell us that R'^(f>u,^ptij^Cj^ has 
support away from D, so we can instead calculate R'^(j)u},p^xi- In the case that p = ±6-\/3, 
we immediately see the claimed result from Lemma [7.21 (4). 



TOWARDS MIRROR SYMMETRY FOR VARIETIES OF GENERAL TYPE 73 

We can now describe ^ = 0.,oC^, as followfi We choose a retraction map r : -> 
for t G C close to 0. Then T = ConeA./(Cv/ — Rv^Cy,), where Ci>, — > Rr^Cy, is the 

-^t 

canonical map. We wish to compute the hypercohomology of J-". To describe J-", let 
X' — )■ X' be the blowup along £, as in Lemma 17. coming with the potential w : X' ^ C 
We note first that we can choose r as a composition f : X^ Xq and the blow-down 
Xq — Xq. Further, we can make a base-change X' x^C via the map C — C given by 
w H-> w^, and then normalizing. This produces a family w : X C where now X has 
quotient singularities (what is called a V^- manifold in the literature). The effects of this on 
the central fibre are easily seen to be as follows. One has 

w-\0) = WqU SiU S2U DiU D2U DsUE, 

where the first six divisors are identical to those appearing in Xq, and the last one is a 
cychc triple cover of E totally ramified over E n {WqU SiU S2U DiU D2U D3). 

This allows us to choose f as a composition of a retraction f : X^ — )■ Xq followed by the 
projection Xq — Xq. The advantage of working with f is that this is relatively easy to 
understand. One can in fact use techniques from log geometry, namely the Kato-Nakayama 
construction. 

Given a log analytic space {X,Jlix), there is a topological space Xiog along with a 
continuous map p : Xiog — )■ X. To define Xiog, we define a log point P := (Spec C, M>o x 5"^), 
where the structure map a : M>o x 5^ — )■ C is given by a{h, e*^) = he^^ G C. Then as a set, 
Xiog = Hom(P, X). There is an obvious map p : Xjog — X taking a morphism P — )■ X to 
its image. There is a natural topology on Xjog. If / : X — )■ F is a morphism of log schemes, 
there is the obvious map /log : Xiog — ^ ^log, which is also continuous, so the construction is 
functorial. See |KN99] . |NO10] for details. 

We use this as follows. If one puts the divisorial log structure on x' given by the divisor 
-^0 — ' ^^'i on C the divisorial log structure given by G C, the map w : X — )• C 
becomes log smooth in a neighbourhood of Xq. The space Ciog is just the real oriented 
blowup of C at the origin. We then have a diagram 

-^log ^ ^ 

Clog — - — ^ c 

The map p' defines a homeomorphism (p')~^(x' \Xq) x'\Xq because the log structure 
is only non-trivial on Xq. Furthermore, if U is an open neigbourhood of G C which does 
not contain any non-zero critical values of w, then the restriction of Wiog to W^^^p~^{U) 
is a topological fibre bundle by jNOlO] . In particular, all fibres of uJiog over p~^{U) are 



12 



We omit the costumary shift [1] here. 
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homeomorphic. For t E {U \ {0}) , Wj~g(t) is homeomorphic via p' to ^p(t), while for 
to G p~^(0), we can take the map 

to be the desired retraction f. 

The advantage of this description is that it is now easy to describe the topofogy of this 
retraction. Indeed, f is an isomorphism over the smooth points of Xq, has fibre 5*^ over 
the double points of x'q, and fibre x over the triple points of x'q. The inverse image 
under f of an irreducible component F of x'q can be viewed as the real oriented blow- 
up of Sing(XQ) n F inside F. Taking r to be the composition of f with the projections 
x'q — )■ Xq — )■ Xq, we can describe the fibres of r as follows. 

First, r is an isomorphism away from Sing(XQ). The fibre of r over a double point of 
Xq is S^. Next, we have the set ^ = S'l fl 5*2 fl Wq C Xq, a copy of P^, with three special 
points Qi = in Di, i = 1,2, 3. Then the fibre of r over a point of i° = i \ {Qi, Q2, Q3} can 
be described as follows. We have E C x'q, and the projection to Xq yields an elliptically 
fibred K3 surface f : E ^ i. A fibre over a point of £° is a triple cover of branched at 
three points. Since f~^{E) is the real oriented blow-up of E along the ramification locus 
of the projection E ^ E, one sees that the fibre of r over a point of i° is the real blow-up 
of an elliptic curve at three points. Finally, r^^{Qi) can be described from this point of 
view as x M, where M is a real blow-up of a P^ at three points. 

Given this description, one can describe R^r^C and i?^r*C as follows. Note that for a 
point X G i°, H^{r~^{x), C) = C^, with coming from the image of H^(T^, C) under the 
embedding r~^(x) T^. The other comes from removing three disks. As x varies, one 
can then describe R^r^C\io = i?^/*C©C^. Note that because of monodromy in the elliptic 
fibration /, the pushforward of i?^/*C|£o across i is just the extension by zero of R^f^C\io. 
From this, one finds one can write 

R'rX = G® R'fX, 

where Q has stalks on £°, C at all double points of Xg, and stalk H^{S^ x M, C) = 
C'^ at Qi,Q2iQz- The sheaf Q is constant on each connected component of Sing(Xg) \ 
{QiiQ2iQz\^ and the generization maps on stalks Qq^ — )■ Qr] for rj a generic point of 
Sing(XQ) are seen to be surjective. The sheaf R'^rX is much easier to describe: it is 
supported on the set {Qi, Q2, Q3} with stalk H'^{M x S^) = at each of these points. 
It is then not difficult to work out the E2 term for the hypercohomology spectral sequence 
= Hi{nP{J^)) H"(J^). Indeed, H^R^rX) = H%g) = C^ since a section of G is 
entirely determined by its stalks at Qi, Q2, Q3, and the generization of these stalks at the 
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generic point of I must agree. Then we have an exact sequence 

9 3 

^ ^ ^ q © -> 0c^^ ^ 0, 

i=l i=l 

where (ii, . . . , rfg are the closures of the irreducible components of the double point locus, 
and C5 denotes the constant sheaf C on the variety S. From H^{Q) = C^, one obtains 
from the long exact cohomology sequence that H^{G) = and H^{G) — C^^. Finally, one 
can check from the Leray spectral sequence for f : E ^ i and the fact that E is a. singular 
K3 surface with 9 As-singularities that H\R^fX) = and H'^{R^fX) = 0. Putting 
this together, we obtain the E2 term 

H^{R^rX) = 






Finally, we need to show the map d is injective. First note that this map coincides with 
the same map in the Leray spectral sequence for r, and hence kerrf is the image of the 
natural map H'^{Xt, C) H^{R^rX)- This map is dual to the natural map 

3 

(7.4) H2{r~\Q,), C) ^ H^iXt, C). 

i=l 

But H2{r^^{Qi), C) is generated by the connected components of the boundary of r~^{Qi) 
(with one relation), and it is easy to see that these cycles are bounded by the closure of 
the sets r~^{di \ {Qi,Q2,Q3}), for various i. Thus the map (17.41) is zero, from which we 
conclude that ker d = 0. So the E^ = E^o term is 







This shows the remaining claims, with the cohomology of a cubic threefold being well- 
known. □ 
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It has been conjectured in [KalO] and verified along a list of cases that a three-dimensional 
Fano manifold is non-rational if its resolved mirror dual has a fibre with non-isolated sin- 
gularities and non-unipotent monodromy. See also |KP09] . A general cubic being non- 
rational by a theorem of Clemens-Griffiths |CG72] . we verify this conjecture for the cubic 
by computing the monodromy in cohomology of the family w : X' ^ around the zero 
fibre. 

Proposition 7.4. Letto E C be a point near , andletT : H'^ {w~^ (to) , C) H'^{w~^{to),C) 
be the monodromy operator associated to a counter-clockwise loop around the origin based at 
to- Then = I, so that the eigenvalues ofT are third roots of unity. Furthermore, eigen- 
value 1 has multiplicity 20, and the two primitive third roots of unity each have multiplicity 
one. 

Proof. Let w : X —t- C be as in the proof of Theorem 17.31 and let Y = uJ^^(O). Then X' is 
a V^-manifold and F is a \^-normal crossings divisor in x' . Recall Y has seven irreducible 
components, six isomorphic to Wq, Si, S2, -Di, D2, -D3 respectively, and the seventh being 
E a cyclic triple cover of E = X totally ramified over a union of six lines, three in 
each ruling. Note E' is a K3 surface with 9 y42-sing ularities, and thus H'^{E, C) = C^ while 

H%E,C) = H\E,C) = C. 

Since all components of Y are reduced, the monodromy T = of X — around 
the origin must be unipotent, but since Y contains a K3 component, x' — )■ A^ must be 
birationally equivalent to a type I degeneration of K3 surfaces. Thus T = /, so we see 
T^ = I. 

Let A : y — >■ y be a generator of the Zs-action on Y arising from the construction of Y 
as the normalization of a cyclic triple cover. Then A acts component-wise on Y, hence acts 
on each y, and according to the proof of (2.13) of |St76] . the action of A* on the weight 
spectral sequence 

^.r,<i+r ^ ^,_._2fc(y2fc+r+l^ q^_^ - k) ^ H\w-\t^), C) 
fc>0,-r 

coincides with the action of T. However, one sees easily that this action is trivial except for 
the action on the contribution H'^{E,C), which appears in Since the quotient of E 

by the action the Zs-action is P^ x P-*^, the action of A* on H'^{E, C) must have only a two- 
dimensional invariant subspace, hence A* has in addition two eigenvalues being primitive 
third roots of unity, each appearing with multiplicity one. From this one concludes the 
same is true for the action of T on H'^iw'^ito), C). □ 

Appendix A. A binomial identity 
We include the proof of a binomial identity which we use in ^ and ^ 
Proposition A.l. For n, k,m,p G Z>o, we have 
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(1) 




(2) (Vandermonde's identity) 

E 



m + n\ \ I rn^ I n 

n 



k / \ i \ k — i 



Proof. (2) is standard. To see (1), starting with and i = 0, the iterated insertion of 

the base case for m = 0, the general case follows by induction by inserting the base case 
in the induction hypothesis; indeed, 




i>0 



i>0 VV j>0 



n + m + 2 
k+2+i+j 




k+ 1 



+ 1)- 




l + l' 






' ' ) 







from which the assertion follows by noting that X]j=o^ |^ ^ ) ~ I i ) • '— ' 
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